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PREFACE. 



An experience of more than lifteen years, in teaching 
large Classes in the U. S. Military Academy, has afforded 
the Author of the following pages unusual opportunities to 
become feraiiiar witli the difflculties encountered by most 
pupils, in the study of the Differential and Integral Calcu- 
lus. The results of previous endeavours to remove these 
difficulties were given to the PubUc In a former edition. 
The favour with which that edition has been received, in- 
duces him to offer a new one, containing, not only such 
modifications as have been suggested by a thorough trial 
in the recitation room, but, in addition, an elementary trea- 
tise on the Calculus of Tarialions. That he has, in some 
degi'ee, realized the hope of advancing a more general and 
thorough study of one of the most important auxiliaries lo 
scientific research, is an ample reward for the labour 
which he has bestowed upon the work. 

The Author has in preparation, and expects soon to 
publish, an Elementary Treatise on Analytical Geometiy. 

U. S. Military Academy, 
West Pomt, N. Y., August 1, 1850. 
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PART I. 



DIFFERENTIAL CALCULUS 



FIRST PRINCIPLES. 

1. In the branch of Mathematics here treated, as in Analytical 
Geometry, two kinds of quantities are considered, viz. variables and 
constants ; the former admitting of an infinite nimiber of values In 
the same algebraic expression, while the latter admit of hut one. 
The ¥aiiables are generally designated by the last, and the con- 
stanfa hy the &st letters of the alphabet. 

2. One variable quantity is a function of another, wlien it is so 
coimccted ivith it, that any dianga of value in the latter necessa- 
rily produces a con'osjxjuding change in the former. Thus in tli^; 



II is a function of s, and ^ is :1 f t n f of those 

vfti'iables is usually called tlie f net on d th tl e i! indepnb- 

dent variahlc, or simply thevarabh nc to on a j arbitrary 

values may be assii/ned, and f on the connection between the 

two, the corresponding viiluea of th tl I 2 el 



, Google 



2 DIFFBBBNTIAL CALCU1IT3. 

Tliis relation h expressed generally thus, 

,.=/(.,) « = ,(,,) or /(.,.) = 0, 

/andip being mere sjmhola, indicating that m is a function of a;, 
The fii-st two expressions are read, m a fimction of x, or w equal to 
a function of ,1; ; and the third, a function of it and a: equal to zero. 

3. Ii'imctions are Increasing and Decreasing : 

Increasing, when they are increased if the vaiiable be increased, 
or decreased if the vai'iable he deci'eased: Decreasiiig vihea. ihty 
are decreased if the variable be iucrejeed, or increseed if the va- 
riable be decreaKed. In the expressioiia 

u is an increasing function of x. In the expressions 

y is a decreasing function of x. In the expression 

K is a decreasing function for all values of ij less than ff, but in- 
creasing for all values greater than a. 

4. Functions are also HxpUdi and Implicit : 

Ea^licit, when the value of the function is directly expressed in 
terms of the vaiiahle : Implicit, when this value is not directly 
expressed. In the examples 

• = (•--)• y=V?^l? 

V. and y are explicit functions of k. In the examples 
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au" + bx — cx'^O f -I- x^ ~ a'—O, 

they are implicit functions of a:. 

The relation between an implicit function and its variable nay 
be expressed, either by a single equation, as above, or by two or 
more equations, aa 

u = af 1/ = hx', 

in wMch u is an implicit fimfition of x. The first relation, is indi- 
cated generally by 

/(.,x) = 0, 

and the other thus, 

B. Functions are filso Algehaic and Transcendi.a.tal 
Algebraic, when the rehtion botiieen the funchon md variable 
can be e^rea&ed hy the oidin'wy operations of Algebn, that is, 
by addition, aubti'aotion, multipheition, division, the foimation of 
powers denoted by constant exponents Tnd the extiaetion of roots 
indicated by constant indices Tiunscend nlal, wh n this relation 
cannot be so expressed In the examples 

ii = log X M =: sin (a ■— ai) u = a' 

»( is a transcendental function of 5? If the vaiiable enter any of 
tlio exponents, the function is called Er^nmtial. If the lo- 
garithm ot naniihlf siitii tlio function is Lijanthmic. In the 
expressions 
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u is said to bo a Circular funcfion, 

6. A quantity may bo a fioictioii of two ox movo variables, as 
in the examples 

u^=: as? -\- hy e = axy' — !m' 

denoted ia geiiei'al thus, 

u=S(.,,) . = F(.,!,,.). 

If in a function of a single variable, the !atf«T be made equal to 
zero, the function reduces to a constant, as in the examples 

if 1/ = 0, wehave m := 0; if k = 0, w := c. 

If in a function of two variables, one be made equal to zero, flio 
function, in general, reduces to a function of the other. So in a 
function of three variables, if ope be made equal to zero, the result 
win be a function of the other two : If all be zero, the fuiitlJou 
reduces to a constant; as in tho example 

v. = ax H- hf + cz' + d, 

z = gives 

E ^^ and (/ =: give 

u = a. + d=fi^,)- 
E = 0, i; = 0, and ;b — 0, give 

u =: d = a constant. 

If then in a f mclion oi one ni moie iiiialli"!, ,i finable bo 
made equal to /cio, the n. dt will b inlnch/ inikpcndent <if that 
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vanable. If however in a function of several varisibles, one be a 
fectoi' of al! tJio terms containing any of the others ; when this 
1 constant, as in the example 



ia 0, the fimetion reduces to a 



!/ - gives 



7. To explain what is meant by the differential of a quantity O'. 
function, let ua talte the sin 



in which M is a function of x. Suppose <c to be inocoascd by 
another variable A ; tlie original function then becomes a [x -\- hf ; 
calling this new state of the function «', vje have 

tt' =: o (a + lif = aa? + 2aa'A + ah?. 

Fi'om tliis, snbti-acting equation (1), member from member, we 
bavc 

((' — « = 2axh-\--ah^ (2), 



The second membei' of this equ iticn is the difference b 
the primitive and new state of the function aj^, while h is the dif- 
ference between the two coiTespondmg states of the independent 
variable x, Aa the variable h is entiiely iibifrary, an intinite 
iimnber of valnea may be assigned to it Let one of tliese values, 
which is to rmnain the same thmighout the Calculus, be denoted 
by dx, and called differential of a, to distinguish it fi'om all other 
vatui^ of k. This partieulaif value being Enbslatuted in equation 
(2), gives for the coiTesponding difference between the two stjvtes 
of W-, or ax\ 
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C DlFl'EKENIIAL ( 

Now, ilie first term, of this particular difference is called (he 
differential of u, aiid is written 

du = 2ax.dx. 

Tlie coefficient (2(Re) of the differential of x, m tHs expiession, is 
called, the differential eotfficient of the f miction u, and is evidently 
obtained by dividing' the differealial of the function by the diffe- 
rential of the vavi.able ; and is in general written 

-p — 2m. 

Resuming the expression 

m' — M = 2a.rA + a/i", 
and dividing by A, vin have 

- — T~- ^= '^ax + nh. 

In the first member of this equation, the denominator is the 
Vfuiable increment of the variable x, and the numerator the cor- 
responding inci'cment of the function u ; the second member ia 
then the value of the ratio of these two increments. As h is 
diminished, tliis value diminishes and becomes nearer and nearer 
equal to 2(u:, and finally when A = 0, it becomes equal to Soav 
From this we see, that aa these increments decrease, their ratio 
approaches nearer and neai'er to the expression ^ax, and that by 
giring to h very small vaUiea, this ratio may be made to differ 
fi-om 2ax, by as small a quantity as we please. This exprrasion 
ia then properly, (Ae limit of this ratio, and is at once obtained 
fi'om t!ie value of the ratio, by making the increment A = 0. It 
will also be seen, that this limit is precisely the same expi-cssion as 
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:. CALCULUS, 7 

die ouc wMcli we have called the differential coefficient of the 
fimclioa u. 

What appears in this particular example is general, foi' let 

u heing any function of x, and let x he increased by h, then 

Siippose /(» + A) tube developed, and arranged Recording to the 
ascending powers of A, and u to bo subtracted from both members, 
we then have 

u' _ « = p/t + Qft= + EA' + &e (3) 

P, Q, li, Ac, being fanotions of », aud every term of the second 
member containing h, because n' — u must reduce to when. 
A = 0. Substituting for h the particular value dx, and talking tlis 
first term for the differential of ii, wo have 

dv, = Pdx, and -y = F, 

Dividing both members of eq^iiafion (3) by !i, we have 

Jflrii' == p + Qft + R7t' H- &c (4). 

Obtaining the limit of this ratio by maldng h —■ 0, and denoting 
it by L, we have 



the same value found above for — ; hence, the differential coeffi- 
cient of a ftmction is always equal to the limit of the ratio of the 
increment of tlie variable, to the correspmdinff incremmt of tlw 
function. 
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8. Tlie diaeiontial of a function of a single yaiiil)l« mij tlit,ii 
te tiiTis definod. If tlis variable be iiicreaaed by a eowtant quanti 
ty, called the diffm-eniiid of the variable, aad tlie diffeience between 
tho new and primitive states of tbe fnnction be deieloped acuad 
ing to the ascending powers of tbe increment ; tltat term of tkii 
difference which contaim the first power of the increment is the dif- 
ferential of the function. 

It will in general be found most convenient to obtain first, tho 
differential coefiident, for which we have the following rule : 

6five to the variable a variable increment, find the corresponit- 
ing state of tlie function, f/'om which subtract the primitive state, 
divide the remainder by tlie inciemeTtt, obtain the limit of this ratio 
hy •making the increment equal to co o, the result will bo the dif- 
ferential coefficient: This, midbphed by tlie differential of the 
variable, will give the diffeienlial of the function. 

The object of the Differential Oalcidna is, to explain the mode 
of obtaining and applying tlie differentiids of functions. 

!). Let the preceding principles be illualvated by tlie following 

Examples. 
I. Let u = ix^. 

For u: put X ■■]- h, then, 

II' r=ih{si + hf = hx'' + Slx'h + 3S,-c/j' + W 
u' — u = UxVi + Uxh^ + W 

H!_":L? — Zlx' + ^Ixh + M" ; 
h 

passing to the limit, and denoting it by L, %ve have 
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DIFFERENT 

whence 

du = ihx'dx. 

2. Let 

Putting' ffi -j- Ti for a;, and subtracting, we Iiave 
u' — u — 2axli + ah' — ch 
'"' ~ "'. = lax -^^ all ~ c\ 

making A = 0, we have 

L = 2ifcr — c = J?, 

whence 

d)£ = 'laxdx — cdx. 

S. Let 

M = -, 

then 

" ~ ** ^ a; + /i ^ w ~ li' + xJi 
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4. If 

II = 2m^ — JKA'' du ~ {das!' — imaf) dx. 

] 0. Equation (4) ariielo (7) may be put iradcr tlio foi'm 

"' ~ " = P + ft (Q + r,A 4- &e.), 

and if the expresaion Q + EA + &c., (which U a functioa ot k 
and A,) he represented by V, this becomes 

'^-^ = -p + V'h (1); 



V.' == M + Vh 4- rVi' ; 

that k, the new state of the firaction is equal to its pimiiive statu, 
plus the differential coefficient of the fivnctioin into the first power 
of the increment of the varialle, plus a function of the variable anJ, 
its increment, into the second ^xyioer of the ina-emimt. Thia espi'es- 
Hion for the new state of the fanctioa being an. important one 
slionld be carefully remembered. 



II. If wo resume equation (3) Art. (T), divide by h autl trai 
pose P ; we have 
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■_~.. — P = Q/i + lih^ + Ac. 
A 

Since wlieu A = 0, the expression for the ratio — — — reduces to 
P, Art. (7) ; we can plainly assign a value to h so small that 

'*'-"- < 2r or '^^^^ - P < P ; 

h h 

wkence 

QA + E/«' + &c. < r, 
and multiplying by li 

PA > Q/i' + KA' + Ac, 

wlicli condition will be fulfilled by any value of A wliieli will 

make ■ — - — ■ < 2P. That is; in a smes arranged according to 

the ascending powers of a variable, it is always possible to assigii 
to the variable, a value so small as to make the first term nwmsri- 
calhj greater than the sum of all the others. 

12. If M be an increasing' function of w, it's new state u' will be 
greater than «, and 

^' ~''— P + P'A Alt. (10) 

k 

will be positive for all values of h. 

Jf M be a decreasing fiindion, the reverse will bo the ease, and 
the ratio be negative for all values of A. 

But we see by the preceding article, that when A is suiRciently 
small, the sum of all the terms that follow P, in the above equa- 
tion, wiE be less than P, and therefore the sign of P will be the 
same aa that of tlie ratjo ; that is, positive when « is an inci'easing 
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and negative when m is a decveasing function. But P is the diffe- 
rential coefEdeut of u, Art. (7). Hence, the differential eoefficient 
of an inereadnff function, is alioays positive ; and of a decreasiiiJ) 
fimciioTi, negative. 

It should be ohserved, that the signs of the differential and dif- 
ferential coefficient are always tlie same. 



w and J! heing functions of the variable x, whioli are eqnal to each 
other for every value of x. If x be increased hy 7i, and u' and v' 
ho the new states of u a:id u, we have 



placing for u' and v' their Talues as espreafted in Art. (1 0) ; 
Pft + P'A'^ = Q/t + Q*, 



P + P'/i = Q + Q'A, 

and since P and Q are entirely independent of ft, when /( = 
there reaiilis 



But P is the differential coeihciont of u, and Q the differential 
coefficient of v, Art. (10), tiierefore 



that is; if two functions of the si 
fermtials will also he eqzial. 
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•a and v being funotiona of x, and a constant ; and x I 
created by k, we hai-e 

M' = jj' ± 0, 
or placing for v' its value, 



and passing to the limit, 
whence 



du = Q,dx. 

Q being the differential ooefficient of v, QHx k its dlffeienlla!, 
thei'efoi'e 

du= d{v±G) = dv, 

tbat is ; if tim> differentials are equal, it does iu)l follow that the ex- 
pfessions from which they were derived, are equal. We see also, 
that a constant connected by the sign ± -ivitb a variable, disap- 
pears by diiFerentiation. In fact, the differential of a constant is 
zero; since, as it admits of no increase, tbere is no difference be- 
tween two states, and of com'se no differential, Ait. (8), 

]5. Let M = Av, 

then 

u> = Ad' ^ A(u + i'ih+q,'h') Alt. (JO), 

}L^ = A{q+Q'h) 
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U DIFFERENTIA 

L = AQ = ^ ; whence du = AQdx. 
ax 

J!ut Q,dx is tlie difterenfaal oiv ; tliorcfore 

du =^ d (Ad) = k.dv, 

that is, ihe diferential of the product of a constant hy a variable 
function, is equal to tite constant multiplied by ike differential of 
ihe function. 

16. When two rariable quantities are so eoiineoted that one is 
a function of the otter ; either may be regarded as the function, 
and the olhoT as the independent variable. Thus from the expres- 
sion M = 03?, we readily obtain x =^ v/ - i ™ which x may be 
considered a function of the vaiiable u. 

In general, let 

"=/W (1); 

then by deducing the value oix, 

'=/'(') p)- 

In iliis last expression, let the variable u bi mcieTied 1 v iny 
variable increment m' — u ^= k, x will recen'' tlip eoiiiipindmg 
increment x' — x, and the ratio of these ineieim uls wiR Ix, 

'-^ w- 

If the increment x' ~ i; be denoted by ft, and we substitute 
X -[-h for K, in equation (1), we shall obtain 

1,' ~ « = r/i + F'h' = k, 

and substituting these values of k' — a; and k in expression (3), 
we have 
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Passing to the limit by makiBg 1:, the inerement of m, eijiial to 0, 
a wHch casa h = 0, we Lava 



tliat is, the differential coeffieient of x regarded as a function of v,. 
is the reciprocal of the differential coefficient of ii regarded as o 
functiem oftc. 

To illiisfrate, take tlie esample 



' = v1- 



In ai'ticic C?) we liave found — = 2ax, then 



dx _\ __ I _ 1 _I 
du du 2a3j /^ 2 i/ai 



:aS/~ 



11. Let u be an implicit fimction of x of the eeeond kind, 
Ai't. (4), as 

•' =/(j) (1) ! = ? W P)- 
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If a; be iiicreaseii by ft, y will vecaive an increment y' — y, ■which 
wo denote % k ; and these incveased values of y and x iu Ihe se- 
cond membera of (1) and (2) will give 

!i' ^ M + Qi + Q'/;" 5' = !/ + P/t 4- P'ft' ; 

'vhcuce 

!Uid hy mtiltipHciitiou, 

"'~" X ^-^^ =z (iP -f- QT/t + QP'ft + &c 
ar siuec y' ~ y = k 

!f^ " = QI' + Q'I7{ + QP7t + &o. 

Parsing to the limit by malting 7i — 0, wliicli gives ^ = 0, ws 
Iiave 

L ^ QP ^ *^ 
But 



Q = — - and P - 



du du dy 
dx dy dx 

that is, ihe difermtial coe^imt of u regarded as a faiKtion of x, 
is equal to tks differential coeffidmt of « regarded as a function of 
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CALOTTLUS. ] 

y, multi'plied iy the differential coeffiaient of y regarded as a, fun 
iion of a:. 



«=■/« P) "I » = 9M (J); 

in which case u is evidently an implicit function of v ; we find 
fi'om equation (4) 

.« = ?' (') (5). 

and applying the preceding principles to equations (3) and (o), 
we have 

dii dii ds: ,„> 

dv dx dv 



^ = i Art. (10), 

dv dv 



ivliioh value in (0) give 



dii dx. 
dx 



DIFfF.RENTIATrON 01-' ALGEBRAIC 



18. Let 

u = v±.w±z, 
n which V v> and » are functiocH of k. Increase x by li, tliei 
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18 DIPFERENriAL fJALCULUS. 

tf_„ = (,'_.)±(„'-»)±(,'_.), 

fi'om wliicli, after substituting for {v' -~ v), (;«' — i«), Ac., tlieir 
values as in atticle (10), and dividing by h, wc iiave 

"'"" = (Q + Q'ft) ± (R + R'A) dz (S + S'A). 
h 

Passing to the limit 

is'Lence 

du = QfJ-e ± Hdx ± S<Zs ; 

Qife = <Zu, Ei^j^ = *!>, Sdr = dz Art. (6), 

(?w = du ± i^w ± da, 

(liat is ; the differential of tlie sum m- difference of any number of 
functions of the same variable is equal to the sum or difference of 
t/ieir differentials taken separately. Thus, if 

du = d (ra=) — d (bx') = 2axdx - Sh^'^dv Arte. (7 & 9). 

19. Let wi! te the product of any two ftinetiona of », then, if « 
ho increased by /;, u'v' will be the new state of the product. 
But 

u' = u+J'h+ F% V' =:v+ Q/i + Q,'h\ 

and by multiplication, 



, Google 



; 4- vFh + tm + PW + Ac. 



= Dp -j- !(Q -]- tci'ins containing '». 



ra.s;iiiig to t!ie limit wo Iiave 

h = vV + V.Q = 



that is ; The differential of (he product of two functions of tke 
same variable, is equal to the sum of the products oblaitied by 
muUiplying each function by tke differential of the other. 

20. Let uvs be the product of tliiea fanctions. Place 
uv = r, then uvs = rs, 

and 

d{uvs) =^ d{i-s) = rds + sdr {l). 

But sine.! 

r = vv, dr ^= udv + vda; 

hoiico hy substdtution in 0(|ii'itJQii (l) 

d(;iivs) = mds + mdv + tvdu. 

if we have the product of four functions tivsw, we may pkca 
sK = r, and by a proces.'- precisely siniilar to the ahore, obtain 

d(uvsw) ^= uvsdw + I'viads 4- utnsdv + vwsdu (2), 

and we readily see, lliat by increasing the mimber of fnuctiona, 
we may in ihe same 'way prove, that the differential of ike pro- 
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dztct of any number of functions of the swine variable, is equal to 
the sam of ilie products obtained by multiplying the differential of 
each into all the others. 



31. If we divide botJi members of equation (2) of tte preced- 
ing sutjclo by 'uvstB, we have 

d(uvsw) _^ dw , f^* . dv du 



and we stould Iiave a similar result for any nimibei' of fimctiona ; 
whence wo may conclude in general, that the differential of ilie 
product of any nwrnher of functions divided by tite product, is 
equal to Hie sum of the quotients obtained by dividing the differen- 
tial of each function by the function itself. 



V being any function of ir, and m any number, entire or fractional, 
positive or negative. Increase xhj h, then 

u' = v'" = (i. + Qft + q'liY Art. (10), 

or placing in the binomial formula 

(., + «)■ = ,,- + «.-■ + !!(5z±)aV- + fe, 

ufor,r, and {Q?H- Q'fi') for « ; 

«' = [» + (Qi + Q'l")]- = »- + mifih + aVf,-' + ic. 
!^ = «(Q + Q'i)"""' + *"■, 
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, CALCULUS. 31 

eacK of tlie following lerins containing ft as a factor. Tlien 

du = dit'" ^ mv'^'Qd^ = m-w"'~'(iji (1), 

since Qtte = dv, Ait. (8). That is, to obtain the differential of 
any power of a funetJon : J)iminish tJie exponent of the power hy 
unity, and tlten. muUipli/ by tlie primitive exponent, and by the dif- 
ferential rf the function. 



Examples, 

1. K « = ax\ 

then Art. {15} 

dv. ~ a.dx^ = aAx'dx = 4iU3?dx. 
1. If u = ^^•5 



4. If ,< = (a,f - «.^)= 

iiw = 5{ax - x')" d{ax — a?) ■ 
!iut 

d{aK — a.^) — a^ — 2xdx- Art. (18) ; 

banco 

dii = o{ax — xy (a — 2,r) ±t. 
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DIFFEBKUTIAL CALCULUS. 

i3. If in equation (1) of tho pioceding m'ticle wo make 
1 _ 1 i-i , _ 1 L=?, _ dv 



that is, the difFei'efiiaal of a radical of tlie second degree is equal 
to, tlie differential of the quantity vrulsr the radical sign, divided 
by twice the radical. 

Tf n ^ 3, we have 

V" - '^'' 

and ia general tTie differential of a radical of the n\^\ degree is 
equal to, the differential of the eptantitt/ tvader the radical dgrt di- 
vided by n times the (n — l)th power of the radical. 

Examples. 
1. If « = V^ 

, da)? ^lax'dx !i . — 
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S. T^fc li = ^"te^ 4. Lot w = Vlaa;- 



s and » being functions of tlie same vanable, tlien Ai't. (19) 
du = v~'ds -\- sdv~'-=^ v~'ds — sv^dv, 



wlienGe by rediiciBg to a common denominator 

, , s vds — sdv ,,, 

du = d ~ ■= ~ (1), 

that is, the diffocential of a ft-aetion is equal to, tlce denommator 
into the diffei-mitial of the numerator, minus tlie mimeralor into ilte 
differential of tlie demmiinator, divided hy the square of the denomi- 

If the denovdnaAor he consiani,dv = 0, and Ciiuation (l) beconins 









If the mimeralor be OMstanl, ds — 0, and eqnntion (1) beco 

lu tliia last case it is evident tiat u is a decreasing fuiii'tion ■ 
and that its differential should be negative. Art. (12 V 
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14 DIFFEHSNTIAL CALOnLUB. 

Examples. 
1. If « = -^— , 



, (a—xjdic — x(l(a —a;) (a-~x)dx -|- xdx adx 



26. By a proper application of tlie preceding piinciplcs every 
algebraic function may bo diftereiitiated. Let t!iem be applied to 
the following 

Miscellaneous Examples. 
1, If M = (a + i^")% 

du = p(a + J)iry-\l{a. + hx") Art. (22); 

But 



du ^ hip(a + hjfy^'x" 'dx. 

The solution of tliia exa,mple and many otlievs may be simpli- 
fied by applying tlie rule of articlo (17) llius ; make 
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DIFFEREKTIAL CALCUI 



du du ds 



du = hnp {a + hx")'"^ a" V:i'. 

2. If K = (1 - .■>•. 

lil. = 3(1^.')"(1(1 -»■)=- (1 (1 - if:«lx. 



fij = (i^ + 



v-^T^ 






^)( 



(i+ V; + :rf' Vo + i 
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i/i- 



i. =-^i--'(o--s-)"--'it. 






- Vi-,? Vi-i" (I - i/i-i") ■ 



8. Lot M = (a- v'ii')'- »■ f-ot '^ = -n'if^'' 



n. .= {«-y^^,_^|^J. 






; UlfPERUNTIATlOX. 

26 If adily seen froin -what precedes, tliat the differentia! 
ffi nt I function of a single variable is, in general, a fuue- 
of 11 E nie variable. It may tlien b« differentiated, and ita 
bfl nti 1 o ffident obtained. 
Tl n tl example 

du 
U^ a.i? T- = Sat'. (1), 

^tiic' )s a function of X, diflereut fi'ora tbe primitive fiinctioti. 
If we differentiate both membei-a of equation (1), we have 



<S)-' 
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c d,v is a conatiiiit, Art. (24), 



^/g»\ <i((g») ^ (i'u. 
\dxj d.v dx 



the symbol ifu, (which is read second differential of u) tieing nsed 
to indicate tliat tie function u has Iseen differs utaated twice, or that 
the differential of the clifferential of u, tas been taken, Honce 

^ = Qaxds:, or - " = Grt.c, 
dx dx' 

in ■which aic* represents the sq^iuire of dr., and is the same as if 
written (dxf. 

The expression, 6aa,', l>eiiig (Ae differential coefficient of tlie first 
differential coefficient, is eaOed, the second differential coefficient. 

To malte the diBouseion general, let u — f{x) and y be its dif- 
ferential coefScient, tlien 

J = P (^)- 

dx 

Since p is usually a function of k, let it bo difTerentiatcd and its 
differential coefficient bo denoted by 5, iJien 

1 = ' » 

In the same way let j be differentiated and its differential co- 
effident be r, then 

% = ' w. 

Ey differentiating eqiiation (2), we have 

, I du\ , d'M , 

d[ — — up, or — = tip, 
\dj:/ ^ dx 

and by tlie substitution of tliis value of dp in (3), 
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wticli is the seeoud differential coefficient of tlie function. 
By diffefontiating (5), we have 



and by tlio substitution of tliis value of dq in (4), 



do,- ' d^^ 

which is the differential coefficient of the second dijh-eniial coeffi- 
cient, and is called the third differential eoeffieient. 

In the same way the fourth, fifth, Ac. may be found, eacli fi'om 
the preceding, precisely as the first is obtained from the primitive 
function. 

From the differential coefBcients, we may at once obtain the 
correeponding differenfiaJa, by multiplying by that power of dx 
the exponent of which indicates the order of the required diUer- 
ential, thus 

J'J '^'^' 7 2 11 

du = -r^, dx = a dx% 



n being a positive whole number, then 

du „_, d\i ___ / _ 
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= »(«-!) (»-!!)« 



Jl- =„(.-!)(,-.) ..1... 

Since the last differential coefScieut is Gonatant, its differential 
\i!i ho 0, and we have 



By exaimning these results it will he seen, that hy each differ- 
entiation, the exponent of the variable is diminished by unity. 
When this esponent is entire and positive, it will finally be re- 
diiced to 0, and tlie corresponding differential coefficient be con- 
stant. The next in order, as well as all which follow, will then 
he 0, and there will be a limited Eumher denoted by n. If n be 
fractional, by the continued subtraction of unity the result can 
never be 0, but will finally, if the differentiation be continued, be- 
come negative ; the successive differential coefHcients will tlien 
always contain at, and there will be an infinite number. So also 
if n be negative. 



THEOREM. 

28. The object of this theorem is, to explain ike wanner of d 
velopmg afunctimz of a ningle vceriable, into a series arranged o, 
cm'ding to the ascartdhig ]m.oers of the variable with constant coe^ 
cients. 

and let ns assume a development of the proposed form, 
u = & + Gx + Dr? + YJ' -f Ac (1), 
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Ill wiiiili li, ( , 1) io If cntuc]) mdei eiident of ^, and depend 
upon the const mts wluili entei into the given funelioii. It is now 
n,quircd to determmo aiieh vihiea for the constants, B, C &c. as 
will caiise the assumed de^ lopmcnt to he a true one, foF all 
values of 'c Since thesp constints art independent of a, ttey 
^ill not changtH wh n we mjke i; = If then in (1) we sup- 
posp ^ := and denote hj ^ wh it /"(j.) oi a, hecomcs under this 
supposition we htv 

A = B. 
Differentiating (I), and dividing by dx, ive liave 

-^= C +2D» + 3E3:' +&C (2); 

makiBg 3: = 0, Eind denoting by A.' what — reduecs to in thia 
case, %ve have 

A' = C. 
Differentiating (2) and diriding by dx, we have . 

:34= 2D 4- a.3E» H- &c.; 

mailing ,r — and denoting by A'' wiiat — - becomes, we liave 

A" = 2D ; whence D = ^- 

T)ecome when rs = 0, we shall find 
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Siibafjtutiog tliese values in equation (1), we have 

»=/{!«)= A + Mn + A" ~ +A-' j;^ + *o-(3), 

ill ivMcli tb ^enfi \l fpim, or tlie one wliioli baa n terms before it, 
is, wbat tbe wtb difieientwl coefficient of tbe function to be deve- 
loped becomes w hen. tbo ^ ariable is made equal to 0, multiplied by 
the ntb power ot the ^ wnble, and divided by the product of the 
consecutive numbers from 1 to ra inclusive. 

Ea;amples. 

1. Let 

'fliis, ivlien a; ^= 0, reduces to a" ; hence A = a". 
By differentiation, &c. we obtain 

jj = „(« + «)'-■, ^ = ,.(»-!) (« + =.)-., 

-^ = „,(»-!) (—2) (.+ .)--*,. 

Mailing a; =:^ in each of these differential coefficients, we hare 
A' = tnar-', A"=m{m-l)a"^, A'" = m(m— 1) (m-2)a'^, &c. 
Substituting those values in the fomiula (3), we have 

2. Let 

By differentiation ifec, we have 
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" [h ~ xf' clx' 



Maldng a; = in the original fimcfioii, and in eaeli difierential 
;mefiicieEt, we liave 



A = 



2a 



Xheso values in tlie formula (3) give 

— a: h h' h h^ 



3. Let !( = ■ 4. Let u = — ;= 

1 + a: Vi _ 



S «■ « = (>+»'r 



"Wlieuever the fuuotioa to bo developed contmns the second or 
higher power of the vaviable, the wovk will l>e much abrii^ed l>y 
subatituting for this power a single vaiiable, thea mating the de- 
velopmeot, and in the result tesnbstitutiEg the power. Tliiis, m 
^\^:,1mplo 6, by putting z for x' wo have 

, = (i+i-)*=(i+.)S' 

i'.iiicli is easily developed according to tho ascending powers of s. 



•2^. Functions which become iuiinite, when the variable ( 
ivliich they depend is madeei^ual to 0; or any of the C 
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eoefficienls of wliicli become infinite, imdei- the same supposition, 
cannot be developed by Maclaurin's formula, as in such cases, 
eitlier tlie firat or some succeeding term of the series would be in- 
finite, while tlie function itself wonld not be so. 



ai'O esamples of sucli functions. In the iiist two .A, and ii 
third A', ■would be infinite, 



30. A quantity is a function of the sum of two variables, when 
in the algebraic espression for it, a single vaidable may be auhsti- 
tut«d for the sum, and the original funefioii thus reduced, tdlluiui 
a clidnc/c o/fmin, to a function of tJie single yaiiable. Tlius 

..' = «(, +!,)■ 

is such 8, fimction, for if in the place of 3; -J- ?/ we substitute x, the 
fimctioa becomes w' = as", a function of s of the same foi-m. 



log (,r - y) 

is also such a function of the two Tariables :s 
vrhcii for x — !/ wo put «, becomes log Z. 



31. Let 

For «; + y place n, then 

»'=/(») ""i g'=? (1), 



, Google 



J) the difKirential coeflicisnt, being entirely independent of dz. If 
Tiow x be regarded as a constant 

di = rf(i' + y) = dy, 

iiud equiiljon (l) bccomon 

du' 
dy 

If y in turn bo now regiu'dod as constjiut 

dz ~ d[x -\- y) = dx, 

and equation (J) becomes 

ST ^^^~dy" 

That 13, if a function of ilie mm of fwo variables bt diffaenhated 
as though one of tke variables were constant; and then, the same 
funetion be differentiated as though ilie oilier variable were constant , 
and iJie diffej-ential coefficienis he taken ; these two eoe^^cicnts will 
he equal. 

To illustrate, let 

»' = (! + 5)', thm du' = ,(« + !,)-> i(,r + ,), 
^■liicii if y be regavded as constant becomes, 

du' = n{x + y)"~'dx; ivlienco -^ = i'{x + yY^', 

and if a: be regarded as constant, tlie same expression becomes 



32. The object of Taylor's Tbeorom is, to ctpltiu the inaiinu 
ofdevcloping a fimcHon of tlie alyebraic sum of fim lanalik'', into 
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a series a/iTanged according to the asc&nding powers of mie of the 
variables, •with coeftcietds whieh are functions of the otiier and de~ 
peTtdeni also wjjore ih^ constants which enter the given function. 
Let lis write a development of tte proposed form, 

11' =/(.r +y) = p -!- Qy + V.f + Sy' + <tt (]), 

iu iviiicli P, Q, Pb ikc. iEclopeiidcut of y, ai'e fuuctions of x. 

It is req^uired to detei'mina values for thorn, wtidi substituted iii 
ecjuation (1) will make it tiue for all values of x andy. If we 
regard i: as constant, differentiate both members of equation (1) 
with respect to y and divide by dy, we obtain 



If we regard y as ,i conafant, difli'ianiiate equation (l) witli 
respect to x and divide hy d^; T\e olitam 



Q + 2R3, + 38/ + Ac. 



I since the coefficients of iLo like powers of y in tlie two 
s nrast be equal, 



If in equation (l) we make y ^ 0; f{x + y) will reduce to i 
function of ic, Art. (0), wbicli we denote by w. Tlien 



Substituting tliii ViiUiii of P in equation (2), we have 
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'ifiis valuo of Q in equation (3), gives 



ajid this value of It in (4) gives 






wliciiee S = 


By the Bubsiitution of tliese vali 


ics of P, Q, If 


(1) wo have Taylor's formula ; 




u' = fLv + y) =u+^J!^ 4- ^ ^ + ^■ 



R ifec. in eq^uatio 



By an I'xaminafion of the several terms of this forimJa, ive see 
that the first (u) is what IJhe fimefion tn 1>6 developed becomes, 
when tlie vaiiable, according to the ascending powers of which 
the series is to he arranged, is made equal to 0, The second 

(— ^1 is the first diffei-ential coefKeient of the fii'st term, midti- 
dxlf 
plied Ly the first power of this variaWe ; and the general term is 
the )tth difm-mtial coefficient of Ike Jlrsi Im-m, multiplied by the nth 
power of the variable, and divided by the product of the consecu- 
tive numbers feom 1 to n inclusive. 

The development of/(K — y) m obtained from the formula by 
changing + y into — y ; thus 

-, , du dhi w' d^u tf 



, Google 



1. Let M' =^ {^ + y)". 

Making y ^^ wo obtain u =^ s:"", and tlience by difterentintion, 

S = "C - >) c - ''>-■ £;-"■'"-> <■"-" + '"■"■■ 

Tiiese values being substituted in the formida give 

„(,.- i),.-y 



«' = {* + 3/)^' = ^"' + ™i^' 2/ + ■ 



If it were required to develope tbe function in tei'mi; of Ibe aF:- 
ceiiding poivei'a of x we should make a: = 0, and obtiAin for the 
first term y'", from whicli the otiier terms are derived as, before. 

2. Let u' = —^—. 

x+y 

Making y == 0, wc obtain, ti = - for the fArst torm ; tliencc 

du a <fu _ la. 

dx '" x'' d3? ~ a^' 

^ _ _ 2.3.g ^ _ + ^'3 «" 

ITiese vahtea being substituted in the fonnnla give 
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33. Since in the formula of Taylor, the eoef&eieniB of the different 
powera of one Tariable are functions of the other, it is pltdn that 
if such a value he assigned to the other, aa to reduce any of these 
coefBcieiifs to infinity, tlie second member will become infinite, and 
the foimula fail to give a development for this particular value ; 
as, in this ease, the first member will become a fanction of the 
first variable, which function cannot possibly be equal to infinity 
for a particular value of the second vai'iable, on which it in ho 
way depends. Thus, in the example 



It' = V a + x + y 
whidi, when developed according to the ascending powers of j, 



■' ' 2Va'+x ^ 8V{a + <^f ' 



the parliciilai- value a = — a reduces the coeffidenta of the 
powers of 1/ to infinity, while tlie original function is reduced to 
■\/y : "We should thus have Vy = co , which cannot he. For 
every other value of ic, however, these coefficients will be finite 
and the development true. 

The difference between tiia faifing case and that of Maclaurin's 
fonnula is marked. In this, the failure is only for a particulai 
value of that variable which, eiiters tlie coefSdents, all other values 
of both variables giving a true development ; while in the fonner 
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case, if tho formula faila to d«velope a function for one value of 
the vaiiable, it fails for every other value. 



34. It u =/{;,), 

an J X be iricrcascd by li, wc have for tlie second state 

.'=/(« + ;.), 

ami by changing y into h in Taylor's foiinula, wo obtain 

/v 7 1 <^" 1 i^^w ^ t 

.•=.A. + ;.) = . + 5A + ^— +*c; 

wtileh is tlis development of the second state of a fnnUioii. 
From this wo liavo 

It' — M = ^ A -f _- — + 4- i&c. 

dx dx' 1.2 dsfi 1,2.3 

If ivc now put for h the pai'fieular value dx, ive liava 

, , , (Pn , (Pm , , 



35. If in the dovelopraent of f{x -\- y) by Taylor's formula, wi 



mder this siipposition, we liave 



A, A.', A", Ac. being const^aut, and since >j is the only variable v 
may write « for it, and thiis have 
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whicli ia identical ivitH Sfaclauiin's foiiniila. 



DIFFERENTIATION 01" TRANSCKNDENTAJ^ FtrNCTIONS. 

3C. Let US tiike, first, tlie exponential function 



; Ijy h, tlien, 

a'' being a fuHctioa of the single variable A, may be deyeloped into 
a aeriea, the first term of which [being what a* becomes when 
7( = 0, Alt, (26)], iji a" = 1. Wo may tben write 

a'' = 1 H- kh + k'li- + t'le + &c., 

k, F, k", &c being constants depending upon a. By substituting 
this Tiilae of a* in (I), we obtain 

m' = a*(l -1- kh + k'h^ + k"h^ + &e.) i 

whence 

^^J:''. = a'k + a'k'h + &c. 
h 

Parsing to the limit of this ratio, we have 

L = a'k = — , and du = a'kdx (3). 

To determine the value of k, let us dcvclopo ti ■= a' by Mac- 
laui-in's formda. We have 
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Icdif =: k~a'dx; wlienco . — -■ = A 



= l^a'dx ; whence — -^ = l^a? ; &e. 



Making a; = ill these expressions, we find for the cocfficjcnte ii 
the formula 

A = e" = 1, A' = d'k ^ k, A" = lc\ A'" = ;^, &e. ; 
whence 

u :=: a"-^ I + kx + ~_ + ^ — — + &c. 
1 , 



«^ = 1 4- 1 + J- + — .- + 

^ ^ 1.2 ^ 1.2.3^ 



Humming this series, we have 

fflT=2, '?182818... 



Tliis nmnher is the base of the Naporian system of logaritlims, 
which is usually denoted by e ; we then liave 

hence k is the Saperian logarithm of a, denoted by la. Then 

du = da' ^ (fladx, 

that is, the differential of a constant raised to a power denoted by 
a variable exponent, is equal to tJie power, multij)lied by the Na- 
jierian logarithm, of the root into ike differential cf the ettportent. 
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37. Rcsimimg the csprcs 



regarding u as the independent variable and ar as the function, v 
have, Avt. (16), 

ilx \ . , du \ 

— =: ; ivlience ax^= — __, 

du a'la u la 

If a be the base of any system of logai'itlims, tlieti a = log 
in that system, and 

, , , du 1 „ 

ax ■= a log M = ^ - — * 



* NoTE.—Thrcoighoat the book, the symbol I before a quantity ■vrill ir 
dieale the Naperiiin Logarithm of that quantity. Since the logarilhnis o 
the same number in difterent systems are as the moduli, we have 

log a : ;n : ; M : I, 

and when a is the base of a system, since log « = 1 



M = log e. 

The modnltis of a systsin, then, admits of two forms of expression, boiii 
or which should be remembered. The one iMjiwity divided Ini the Naperiajt 
lagariihm of Ihe base of the ^lemwli/)se modulus is required t the other, i/is logo.- 
rithm ofti^ Naperian base toten i« Ihe sijslaa whose me^uias is required. 
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But — is tlio modulus of tlie syatem wliose base is a ; then 



]?or tlie S'aperiaii system, M :=^ 1, and this expression becomes 

Tlie differential of tiie logarithm of a q\iantity, is then equal to t/ie 
modulus of the system into ike differential of llie quantity divided 
hy the quantity ; and this ia the !Naporiaii system, becomes the 
differenliai of the quantity divided hy the quantity. 

Examples. 
1. If « = 2K) 



a»? as? 



Saai'dtc dx 



X^_ 



Othenviso thus, u ^ If 



du = dh ~ dl{a — ,^■) = 
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3.1.. . = ,f'l^I+Z + i\ 

Multiply botli terms of tie fraction by the numeratoi', then 

io = M(Vl + '■' + ■')_ M^. 

6. Let M ^ H nr^ ) ■ 7. Let M = Z (a + jf {a - ii;)\ 



10. Let 




u=ii.r. 


Make 


Ij^ = z 


■; ika-a M — s" ; 




du = n. 


..-,,, "W-^«. 


n. Lot 




» = i(fa). 
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38. It lias been seen, Art. (29), tliat log x cEiimot be developed, 
according f<i the ascending powers of x. To obtmn a logaiitbmic 
series, let us take u = log (l + «) and develops it by Maclaurin's 
formula. By diffei-entiafion &c 



Mdx _ _ 

1+* 



^«=f^' i = rT^ = ^^(i + ^)- 



^^ - M(l +^) - ^^ _^^y , ^^, - ^^^,- 

Making s =; 0, wo biive for tbe values of A, A', A" &c., in tlie 
formula, 

A ^ log 1 ^ A' = M A" = - M A'" = 2H, &e ; 



= log (1 + *) = U{x ■ 



m wliich the logaiitbm of a quantity is expressed by a series, ar- 
ranged according to tbe ascending powers of a quantity less by 
uiity. 



89. By the md of Ii^aritlims we may simplify Uie differentia- 
tion of complicated exponential fuuetions. For example : 



% and If being any ftmelions of the same vaiiable. Take the Na- 
perian logailtbms of both members, tlien 
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46 

lu =^ h^ = yh ; 

and by differentiation 

du J , dx 

— :^ ayK ^ y _ ; 

whence 

da = u{dyh + !/ — ) ^ z^hdy -\. ijz'-^dz, 



wHeh. ia evidently tAe sum, oftJte diffei-entials, taken hy first r^ 
gardiru) y as the only variable, and then z. 



2. Let 


u = a'-. 


Taking the logarithn 


as of hoth roeinbers 


lu = yia, 


~ =la.dh' = M'Bdx, 




du = a!'''malhdx. 


3. Let. 


u = / 


then 





du = z'"l'( — h fe^'-^s + -; M')' 
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DIFFERENTIATION OF THE CIRCULAR. FUKCTIONS. 

40. Since any ai-o of a circle, when less tlian 90", is gioatci' 
than ite sine, and less tlian its tangent; we must have for ali 
Faluea of y less than 90°, 



Making j; = 0, cos y becomes E, and wo have for tlio limit of the 
ratio (l). 



and ainee - — ?- cannot exceed iinity, nor be less than i-, i 

also liave its limit = 1 ', ttat is, tlie limit of the ratio of an arc 
its sine is unity. 



Increase a; by ft, then 

«■ = >in (j, + S), o' - « = sin (, + ;.)- .in . 

oi by placing o; ■\- h for y and x for q in tlie formula, 

2 
sin -p - sin q^f^ [siu ^P — S)oos J {f + 5)], 
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Diridiiig Ijotli inombera by h, aiid tten both terms of tJie frac- 
ion in tlie second membei: by 2, 



md passing to tIiolimit,si 



"m.: 



du =.deosx=.d sin (90° - ar) == i^i^°— ^ rf(f,o= - a') ; 



dw = d ver-sin x = d(R — cos x) — - 
whence (?Tcr-siii x = — .z—dx. 



* Note. — This nclalion indicates thai tlie expression for ihs quantity 
il'iin ihe parenthesis becomes unity when h = 0. 
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Rsina; 
du^d tang X ^^ d 

(cos rdsinx — sin xd cos a;) _ i:fa'(coa'a + sin'a) _ 






If 






d'-t ^^ (icot a; = t^ tang; (90° — m) =^^- 
Tv hence 



dii.= d coscc x^di<x (90O — x) ■ 



cot g.coaecaT< ^(90° — flj). 
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wlienco 

— — — — ii^ - 
If It ;= 1, tlicse formulas Ijeconie 

& ver-sin a; = sin s (te, A tang 3> = — . — , &e. 

and should bo remembftioil. 

Examples. 

I. If " = °v 

, hx J bx h S.B , 

fflu = C03 — d _ = - cos — ax. 



1 



(III =; ^sm — (( - = — sin- M. 

3. If « = tang (« - xf 

, d(a - a)' 2f« - a^}<Za^ 

4, If U= (X)t',fT 

, r, 1. J , 2 tot a i?,r 
(ii( :^ 2 cot !■ d cot a: = -t-^ — ■ 
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DIFFERENTIAL CALCULU3. 51 

5. If w=(cos^r-, 

make cos x = a, sime — ij] then u ~ z^, (ind Art. (30) 

dv, = i'hdy + yi?~^dz = dx (cos *)*'"'/ cos x Ico&x — — _ \ 

G, Let M = ."''Jl±-gl. -J. Let M = tang- {— m -/^). 



42. In tho preceding article we have found the differentials of 
the sine, cosine, &e. ia terms of the arc as an independent variable ; 
lot it now be recjuired to find the differential of tlie arc, in terms of 
its sine, cosine, &c. 



H now a! he regarded &s the function, and u as the 
\'ariahle, we have, Art. (16), 



a)id since cos a: = V B^ - 


- sin'* ^ V li' " «■' 


du V K^ „ u' 


^/lV-u' 



■" Note.— The nolalion .lin-' %, lang-' u, &c., h 
'■a wkese sine is ii; ivhase langeid is is, &e. 
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^ _ - R _ 2 

du ~ sin a: y^ 

wlieiico 



Ve^ 



If 



= V(2R - yer-SOT a') vei-siii x = V{'2R ~ u)u 

= . — - — . ; -wlieuw) dx = — -— 

■/(SE - u)u V2Ei( — i(' 



whence 
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BIFFElffiSTIAL CALCULUS. 




'11 = 1, tlicse formulas become 




du 

dT — — _ rT^ _ ._ 


du 


Vl-M^ 


fy - '^» ,J. - 


du 


Viu - u' 


1 + u' 


Examples. 




. If 3^==sin-'2MVl — < 





Vl - (luVT- «■)' Vl — ■" 



'Uy 



= c= + f 



a -'J {a-y)-Vd'-'la.y 

■ 1 1 J — Ac 



43, We are eow able to duvclope sin r, coa it, &e., in tcvms of 
tlie aaceiiding powers of re, by Miiclauriii'a formulit. 



and R = I ; 
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Mating re = 0, we obtain for the values of A, A', &c. i 
formulii, 



d^ ^ ' d^' 


' 


in wHoh, making a: = 0, w 


e obtain 


A =: 1, A' = 0, 


A" = 


and tlience 





These series, for small values of x, are very converging, and will 
give with great accuracy the values of sin n and cos x for small 
arcs, and may lierefore be used in the calcidafion of a table of 
natural sines, Ac. Thus, E being unity, we have for the semi- 
circumference or sf, the number 3,14159..,; this divided by 180, 
and the quotient by 60, will give the length of the ai'c 1', which 
value substituted for it in the series, vnW give the sine and CMine 
of one minute. 
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44. We can also dcFclope tlie are in terms of its sine, tangent, 
&c. If 



^ = .(1 _ ur^ ^ = (1 - «T^ + ^«V ' «T* ^e, 
Maldng m — 0, wa obtain 

A — A' = 1 A" — A"' = I,&e., 
and by substitution in Maclaiu'in's formula 

~ ^ — M + i;^ + 1.2.4,5 "'" 

If M = |- =; gin ,10°, this series becomes 

' ^ ^ 2 ^ ' "~ 2 1.2.3,2= '^ 1.2.4.5,2" "'" **'' 

by tlic suinmation of wbicb, wo find 

30° = 0,52350 , 

wd. miOtiplying by C, 180'' = * = 5,14159 



45. If 
CK = tang-' 



and tbe development may be made as in the preceding ai'ticle ; 
otherwise tiiiis. DeTeloping (1 H- a")" by the binomial form 
la, we have 
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«•-«• + fa (1); 



and since by differentiation, tlie exponent of u in eacli tenii i 
diminislicii by unity, we must li^ve 



- = A + 3Bu' + 5Cm' + &c (2). 



Comparing the coefficients of tlie lilie powers of m in (1) and (2), 
^. = 1, 3B = - 1, and B = — ) ; SC = 1, and G ^ -, &c. ; 
rvlience 

a = taug-'M = M_|!+!l-|_' + ka (3). 

If M ^^ 1 = tang 45°, tliis series becomes 

t + i-^fa- 



wliicli is not siifficiently converging to enable lis to determine tlie 
iengtli of tlie arc witli accuracy. To obviate this difficulty, we 
will malte use of the principle that the arc 4S° is equal to the arc 
whose tangent is \, plus the ai'c whtse tangent is i.* 

* KoTH.— -To prove this principle, take the formula 
tiui? f « 4- M = lang a + tang h _ 
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DIFFERENTIAL CALCULUS. 57 

li'rom equation (3), by the suljstituiion of 2 audi tor u, we 



., 1 _ 1 _ J_ 
3 ~ 3 3.3'" ' 



Iiencc 

45° = taiig^"- § + tang-' -J- - 



wMdi being multiplied by 4 gives ir = 3,14159... 



DIFFERENTIATION Ol' FUNCTIONS OF TWO Oil MOEE 
VARIABLES. 

46. HeretofovG oui' rules for differentiation. JijLve bti n lunittd to 
functions of a single yaiiaUe ; it is now proposed fo extend them 
to ftnictions of any aiualier of independent vaiiables. 

Let »=f{x,y); 

K and y being entirely independent of eacli otlier. The secoiul 
stale of tiiG function will evidently be obtained by giving to botii 



: _LJ" ' .¥. .. - ; whence taag J = J ; 
1 — 5 tang A 



hence 45° = « + i* 
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■X and y variable incremoiits. First let s receive the inwemeut h ; 
f(w, y) tlien l>ecomea/(a: + A, y), whicU, (if y for a moment be 
regarded as constant), may be developed according to the ascend- 
ing powers of h, by Taylor's formula ; whence 



^^(, + /„)^, + _A+-- +_-^ + &c (1), 



in whidi '^-^,—&a., are tJie diabvantial coefficient of « = f{x, y) 
dx dj? 

talten nader the supposition th.at x alone is variable, and are evi- 
dently all functions of x aad y. if in this development we now 
put y + A for y, we shall obtain in t!ie fiiBt member f{x + A, y + S) 
ivliich is tte second state of the function u. The first term of the 
aecond member (m), being a function of s! and y, ivill, when for y 
we put y H- X', become 



■''•'■' ^ I ' dy ' df 1.2 ' df 1.2.3 



In the same maimer — , when fov y wc put y -\- 1c, may 
veloped, and will give, Art. (32), 



or reducing 
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d^dy dx'dif 1,2 



3?SJ* + '' 



ITicae values tteing substituted in Uie second inember of (1) 
give for the development of tlic second atirte of a function of two 
variables 



' dy '^ df 1.2 rf/ l.a.3 
X dxdy ^ dxdf 1.3 



...(2). 



. — --J — . ^ (Bc, 

rf^ir'l.a (feVy 1.2 



In this development u is the original function ; — is its differ- 
ential coefficient taken under the supposition tliat y alone varies, 
and is called, ihs partial differential coefficient of the first order 
A-n „^„ successive differential co- 

efiidents taken imdec tte same supposition, and are called jrarfta^ 
di^erential coefficients of i!ie second, third, i£c. (n-dei- taken with 

respect to y, — , _ii, —^ are obtained from tlie onjnnai fimctioa 
dx da? da? 

imder tte supposition tliat x alone vari^, ajid are eoAsA. partial dif- 
ferential coefficients of the first, second, <hc., order taken viiiK res- 
pect to X 
and dividlii;:; the tesult by dy, and is called a partial differential cc 
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t of the secmvJ order taken, hy differentiating Jirsl with res- 

partial differential coefficient of the m + re* order, and is obtaiiied 
by differentiating first n times with respect to a:, and then m times 
with respect to y. 

By an examination of these lesults we see that, from a function 
of two variables there are derived two partial differential coefficients 
of the first order, viz. 

du n du 



three of the second oi'dor, via, 

d^ji d^u d^ , 
dx^ dxdy dy' 

four of tJie third order, &c. The expressions 

du J du J d?n , , df'u -, , » 
—- dx, — dy, __- d»\ _— dxdy, kc, 
ax dy du? amy 

obtained by multiplying the several partial differential coefficients 
respectively Ly dx, dy, dx', dxdy, &c., are called partial differen- 



4T. If instead of first increasing ^ by A we increase y by h, w 
shall obtain 

dy dy' 1.2 dy' 1.2.3 



c put X + 7i- for X, we shall evidently d 
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+ df 1.2 '^ "'" 

wMcli development imi5t be identicnl ivHh tlie one in the preceding 
article ; lience the terms containing the like powers of h ;ind /■: 
must be equal to each other, and we must have, 

dxdy dydx' dxdy^ dy^dx dx''dif ~~ dy^dx" ' 

which shows that we shall obtain the same result whether we dif- 
ferentiate first with reference to x and then with reference to y, or 



48. Let it now bo required to dcvclape tlie second state of the 
espreaaion 

« = ^r (1). 

DifFcventiating with reference to x and y, respective!}', we obtain 



Now differentiating (2), fii'st with reference to x, and afterwards 
with reference to y, we obtain 



"-'!/-' (5). 
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In the same manner by difiereutiating (3), fiist -with reference lo 
ic, and tlien with reference to y, we obtain 

— -_ = vmsr-'f = — --, -—^n{n-- l)x'-Y (0), 

ffiyitc dxdj/ (2/ 

and by contdniiing the differeatiation of (i), (5), and (6), 

|i = »,(,« _ 1)(» _ 2)."/, J?f = »(,. - 1)«-V-, fe. 

Substituting these values iu the formula of article (4G), ive liiivc 

{,1 + i)-(j,+i)- = ■•-?■ + ~-s"* + »(» - i)"-J"-'~ + *"■ 



49. Resuming equation (2), Art. (46), and subtraetjng the jiii- 
mitive state of the function from both members, we obtain 

ni!+A,j(4-&)— /(iB,w)^ — Ah k4 — —I — ^ft +■ lLk-\-.. \ 

j\ ,J-r ) j\^si ^ -r ^^ ^Tal^cb^ ^ dxdi/ ^ J 

Extending the definition in Art. (6), to fimetiona of two or more 
varitibJea, we have, after placing for A and k the constants dx and 
dy, and tailing the terms of the first degree with reference to these 
constants ; 



that is, the diflflrential of a function of two Variables is equal to 
tlie svm of the partial differerhUah of Hie fa/ncUon. It is important 
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to preserve the notation — . dx aiid -- dy, else the partial differen- 
tials miglit be coafoiaided ivitJi the total differential {dii). 



Exanijdes. 
l.li u^ axh/ 



X dy 



2. If 

„ ^ lifi^^J^ du^ -^{a^ w") [2xi'chi + (a - .vyhj]. 

'/ y 

3. If 

, iC . l/dl: — xd7i 

u = tfliiff- — du ^ -^ — ', 

y y + ^' 

4. Let u = .'^~ 5. Let u = ^. 

V^' + y^ 

50. Haying obtained tlie fii'st differciitial of a function of two 
variables, we may from this at once doiive tlio aiiccessi\-e differ- 
entiala. Since 

, du ^ du , 
du — —dv i- —■ dy, 



*•=<£"■) +<**)■ 
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DifferentiatiBg — -i da:, first ivith refcvenco to x, and then with r. 
ference to y, we have, 



j*) = S'' 



Diflbrentiating this result, since 



{d; ,^\ i?u^, _!_ ^Li-iy, 



d\ dxdy \ T= - 

\dxdi/ / a 



tf% = — rfar + difdv -J- jf^Ksy H .iiy ■ 

(ir' axVy dxdif dif 

In the same way the dliTercntJals of a higher order may 1 
derived. 
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51. Let 113 now take th.e general case in which u is a fiinclion 
of any number of independent vai'iahles ; that is, let 

» =/{'. f, ; *«■) 

It is plain that we may dedwc« tJie development of the second 
state of this fraction in precisely the siime way as in ai'tide (46), 
by first increasing x and y, then in the residt thut. ohtained iii- 
creasing z, Mid in the new Msult increasing one of the other va- 
riables, and so on mitil each shall have recpived an increment; 
we shall thus find 

da, 



plus other terms, which will be of the second degree at least, with 
reference to the increments A, k, I, &o. ; wo have then as in arti- 
cle (49), 



that is, the difterontial of a function of any number of variahles 
is equal io the swm of the partial differentials of the function. 

Example. 
If u = axy°-)?, 

du = a^s'dx -f- ^axyz^dif + Zaxifz^dz. 
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52. If ill ilie development (2), article (46), we make botli s: aud 
y equal to 0, the first member will become a fiinctioji of h and k ; 
the first term of the second membei', and the different coefficienfe 
of h and it, will under the same supposition become constanfa. 
Denoting by A what m or /(x, y) becomes ivhoTi m and y are made 
; by E and B' -what tbe partial differential coefficients of the 
first order ; by 0, C and C" what those of the second order, and 
by I), D', D" and D'" what those of the third order, become 
under the same supposition ; ■sve obtain 

f(k, Ic) = A H- (B/i -I- lyjc) .[. -1- {CJi? -1- 2G'h!c + C"k') 

Ka.3 ~ ^ -r " 

or since we may change h aud k into .r and (/, we have for the ge- 
neral development of any function of two variables, 

Jfy;,j) = A + {B, + B'y) + i- (&• + iC'x, + G",/) 
+ Y-^(D.«-+3DV>, + te.). 

If in development (2), above referred to, wo malte j/ and k each 
equal to 0, u becomes a function of w alone, and we have 



/(»■+'•) = 






which is Taylor's formula. 

In the same development, making ic, y and it, each equal to 0, 

and denoting by A, A', A", <fec what m, J^, _^, &e. reduce to 

under this supposition, we obtain 
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whicli is Miiclaiirin's formula. 



DIFFERENTIAL EaUATIONS. 

53. Every eqiiatio]) containing two variables can, by transposing 
fill the teiuia into the fifst mcmlici', Ijo repieseuted uucler tlie ge- 
neral folTQ 

A','J) = <> (1) 

in "which, y is an implicit fiiiictioii of s:, the letter Lciiig iisually 
taken as the independent vaiiable : Or, since by the solution of 
the equation, the value of y may be found in terms of x, and sub- 
stituted in (1), this function of !0 and y may be regarded as a 
function of «, alone, and ma^ ilicrsfai-e he differentiated as a func- 
timi of a single variable. Al.^o, sJBce the relation, between y and 
« is such, that/(3!, y) must always be equal to 0, its value is not 
variable, and can tlierefove liave no difference between any two 
states. Its differential must then be 0, Ai-t. (14) ; that is, 

dJIx, ,j) = 0. 

To obtain, then, from, a given equation its diffm-ential equaHon, or 
t!ie equation lohieh expresses tlie relation between, the differcntiaU of 
thefttnetion, and variable ; ti'anapose all the tei'ms into one mem- 
ber, differentiate this as a function of a single variable, and place 
the result equal to ; Or, if it be not desirable to transpose al! 
the terms into one member, each member, containing either x or 
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y, 01- both, m.iy be regarded as a function of x, and tlie difteren- 
lial of tte first will be equal to tliat of the second, Art. (13). 

Since every term of the differential eq\iation tliua derived will 
contain dx or dy, we may divide by dx, and then at once deduce 
the value of the differential coefficient -f. 



54. If an equation contjun tliree variables, one will necessarily 
be a function of the other two, and all the terms being transposed 
into one member, ttis member may be regai'ded as a function of 
two independent variables, and may be differentiated as in article 
(40), and the result placed equal to 0. In accordance with the 
same principles and in precisely the same manner, the differential 
equation of one containing any number' of variables may be 
derived. 

If the differential equation derived by one differentiation be 
again differentiated, the new differential equation will be of the 
second order, and if this be differentiated we shall have one of the 
third order, and so on. 



E:vamples. 

55. 1, If u =f{x, y) = X-' Jrf~li'= (1) 

du = ixdx -f iydy = (2), 

"roni which, after diriding by dx, wo obtain 

'!=-' (•'). 

dx y 

Dividing equation (2) by 2, and then differentiating ; x, y, and 
ly, being variable, we have 



d{wdx) + d{ydy) = 
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dx^ + ihf- + y^y = 0, 



^ -_(':!)_ O-i)- 



Eqiiiyaleiit results may be obtained bj difEcTentiating tLe value 
y = '\/W — x\ decluced from equation (l). 



2. Tf M = y2 _ ^vixy -V x^' — a" = 


(1) 


Zydij ~ Imxdy — 9,mydx + SMc = 


(2); 


whence 




dy _my — X 





iJiiferentiiitlng (2), and dividing by Sdr', we oLt-aiii 

fi-om wliicli after the substitution of the value of -i ive may ob- 
dx 

tain the value of the second differential coefficient. 

0, Let if — Zaxy + w' = 0. 

Equations dcrh'ed as above, immediately from the primitive equa- 
tion by difierenlialion, are named immediate differential e^alicjie. 
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56. By tlie differentiation of equations we nmy find otliers 
which ■will express the relation between the vai'iablea and. their dif 
ferentials, for any values of either or all of the constants. Thus, 
if we take the equation of the right line 

y =«*' + * {1)> 

differentiate iind divide hy <J.c, we have 



...(2), 



dx" 

a resnlt which is the same for all value's of 6. By the substitution 
of this value of a in equation (1), we have 

Ijdx := xdij + 6(ic, 

which is the same for all valuee of a. 

and dividing hy dx, we obtain 



which is entirely independent of hoth a and i. 
Take also the ccixiation 

/ = "+«■ (3). 

By two differentiations, wo get 

2ydy = mdx + 2nxdx 

dtf ■{■ ydy = ndxK 

By com'binmg fie three equations, m and n may readily be elim- 
inated, and an equation obtained which ivill be entirely indepen 
dent of them. The result of this elimination is 

i/dx"- -]- x'iif -f- yx'd'y — 2yxdydx = 0. 
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Again, by diiFerentiating the equation 

f — iax^ + a^ = 0, 

and eliminating a, ive obtain 

l&ys?d:»? — ^ix^dydx + ^fdy^ = 0, 

Aiicl m ^piiPia! nil the tonatant^ of mj epation nn\ be eliini- 
iiattd bj difierent ■itiiig it as m'uiy timts is theie tie constants. 
Tlie diffeiential equations t!m° obtoiuel with the gHcn equation, 
make one moie than the numhei of constants to be eliminated; 
anaqiation may therefore ho deiived which ml! be freed from 
these constants Equations thus obtained aie pioperly the differ- 
ential equahons of tl.e s^ tctes of hncA one of which is repre- 
sentedlythe gn en equation biuci. leingmdej-endcnt of tlie con- 
stants they a e evidently the ame foi til hnes of the same kind 
icitrreJ to the same co ordinate d\e^ 

S'J. By differentiation we may fi'eo an equation of exponents, iis 
in the example 



till = nv'^Hv, (H' Villi := nv''d' 

and finally 

vdu = mi'Iv. 
Or tliiis, 

III = h" ; whence h( ^= nlo, 

dii -ndi) , J 



, Google 



58. Tlie Differential Calculus enables us also to eliminate, froiii 
an equafion eoatainiag three variables, an arbitrary function of 
either two, the form of which may be entii'ely unknown. Thus if 

« = r(/[.r,,]), 

the form of thu tim^'tion de-j^ated by the symbol F being arbi- 
trary, lie can fmd i difteiential equation expressing a relatioH be- 
tween a, y and the partial difierential coefficients—,—, which 
dd dy 

will bo tliii ■■ ims', no mittoi \i lut tlio foim of the function ¥ may 
bo. 

Make ./l^^,V)=^ (1), 



u ^ F(.), du = y'{z)d^ (2). 

Differentiating (l), first with reference to * and then with refe- 
rence to t/, and substituting the values of dx thus obtained in (2), , 



^ = F'(.) l!f (3), ^ ^ P{.) ^ (4), 

dx ^' dx • " dy ^' dy ^ '' 

from which F'(ii) may be eliminated, and the resisting equation 

between r, v, — and — , will be the differential equation required 
at: dy 

Such equations are caMed partial diferenlial eqiuttiorts. 

To illustrate, suppose 

1. /{,, ,j) = .X + l, »d „ = F{ax + hj). 
Place ax -f- hj = z, then _ = o, and ~- :== i. 
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These values in cc[nations (3) a:id (4), givi 



dit du 



and finally 



du J du 

dy dx 



2. Let 



Differentiiitiiiff %, wo find 



"IvllCllCO 



from wMeli, lij eliminating ^'{j); 



du du „ 
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VANISHI>iG FRACTIONS. 

59. Iq tke discussion of the results obtained by tlie application 
of tlie Calculus, we often meet ivith expressions wHcb, for a par- 
ticular ¥alue of the Tai'iabls, become ^. This, although ia gene- 
ral the algebraic symbol of an indeterminate quantity, does not in- 
dicate such a quantity in the pai'tieular cases refen'ed to. As in 
the example, 



svhicli becomes J when a: ■— a] ii we divide both numerator and 
(leHominator by the common factor b ^ », we obtain 



and tliis, when a: =^ a, reduces to J, which h the true value of the 
fraction in the particnlar ease. 

Expressions of tiia land are called wmiskinff fractions, and re- 
duce to J in consequence of the existence of a factor common to 
both terms ; which factor becomes under the particular suppo- 
sition. 

All sucli fractions may be represented generally by the espres- 
sion 

Q(,. ~ »)- ' 

ill which P and Q arc functions of a: 
There are three eases ; 
1. When »s = «, the fraction becomes 
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2. Wlion m > n, it may be put xiiidor the foiin 

r ('--■)-- 

Q 
m — H being positive ; ami this, wlien .r = a, 

Q... 

S. Wlien m. < n, tlie fraction may bo put under the form 

P 

Q (■:-»)"■' 

« — m being positive, anil this, wlien s: = a, becomes 



60. "Whenever the common factor is evident, the simplest me- 
thod of obtdning the true value of the frairtion is to stritn it ottt, 
and then put for the variable its pai'ticnlar value. But as in most 
cases it is not easy to detect this ftictor, other methods become ne- 
cessaiy. 

Let - be a vanishing fraction, r and s boing; functions of x, ami 

let a he the pai-ticnlar value which substituted for x reduces the 
fraction to g. 

It is pliun that, if we substitute o -f ^ for x, and after red.uction 
make fe = 0, it will amount only to the substitution of a for x. 
Suppose thra substitution made, and that in the result both nume- 
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rator and denominator are arranged so ttat tlj.e exponents of /( 
e from left to right, we then have 



in which A, A', B, B', m, n, &a. ai'e constants. After reducing 
this fraction to ita lowest terms, by dividing both numerator and 
deaominator by that power of h which is indicated by the smallest 
exponent, we shall have one of three cases. 

1. Ifm.^ ra 

/r\ _ A + BA"'-'" + Ac. 

Is L^n ~' A! + B'A'"-'' H- ic. 



Now mating A = 0, wo have for the true value in tlie three 

"Whence we derive the general rule. .Poi- i/ic variable, substi- 
tute that value which causes tlie fraction to reduce to J, pliis an in- 
erement; reduce the result to its simplest form, and then, make tlie 
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increment equal to 0. Tke final result will be the true value of 
the fraction for tlie pai'ticular value of the varialale, and may be 
finite, z»ro, or infinite. 



Examples 
1. Take the fraction 






whicli becomes | when a' = a. 

For X, pnt a -{■ h, the primitive fraction then becomes 

{•iah + h^)^ 

Dividing botJi terras by 7i^, wc obtain 
(2a + /<)=, 
whidi, M'hcn li = 0, becomes (2a)', the true value. 



In tiis «ise tbe common factor {x — a)^ is evident; striking it 



hich becomes {2a)^", -when x = a. 
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2, Tiiko the fraction 



wMcli becomes f ivlien x = 0. 

For a!, put + /:, or k, wo then obtuii 



f A + ^^ + fa.) 



.Art. (44), 



Jl + .^Jt^ + fa,) 



wliicli, ivhcii /( = 0, gi\-e£ 



Tiio common factor in this ease is a, as may be slioivn by de 

veloping m sin."' — , as in article [H). 



01. Another rule maybe thus deduced. 

If tlie vanishing fraction, as in the preceding article, be 



tlien r = jis 
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dr = uds + sdu ; 
n wliicli, if we niako x ^ a, we slia.1! liave (sii 
(*■)„. = («■&),„.; 



<o.= 



= &^ (A 



for tliiS triia value of the fraction in tlie p.ii'ticular t;ii<!. 

If (dr)^=„=0 Ihisvahiois 0. 

If (i^).-. = it is oo. 

If botli are at tlie same time, tlic second menilaer of (I) be- 
comes ?. and — is a new vanishinff fraction ; then, as above, we 
tiikctho-differeiUiftlsof bothitstorins, puta for.T, and thns obtain 

If this again becomes g, ivc continue the same process, ancl hnve 
_ {«;)^ 

and so on. The rule may then le thiib enunciiited. T(/.ke iln: 
difa-entials of the numerator avU dmomvmior ; in each, subsli- 
tute that value of the varialile which rediwes the origitial fraction 
to S ; if hoik do not reduce to i» infimfy , what the former be- 
comes divided hy ivhat the lattti hc-omcs, tetll he the true vahie of 
the fraction. Ifhoth reduce to 0, tale the !>ecm)d dijh-entiah, and 
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make t!ie same siihstitution ; or cmitiniie the diferentiatiortf t&c. 
until two diffm-enUals of the sajne ordsr are obtained, both of which 
do iwt become or infinity ; what one becomes divided hy what the 
other becomes, viill be the true value of the fraction. 

It should be obaairved, that the effect of the appIicafioB of this 
rule is, at each difFereutiatioii, to tliminish by unity the exponent 
of tho feotoi' which causes the fi'acfioa to reduce to %, Ait. (2V). 
If tho esponents of tHa factor in the numeTator and denomina- 
tor are fractional, and not contained betivcen the same two con- 
aeculive ivhole aimibers, it is plain, tkat tlie least one will he re- 
duced to a negative number by a less Eiimber of differentiations 
than will be required hy the other. The differential of tliat term 
of the fraction which contains it, will then, by the substitution 
of the pai-ticidar value of tho varialDle, reduce to infinity, while 
that of the otliev roJiices to 0, and the tvue value of tlie fraction 
\yill be eithei- 







If however, these exponents are contained between (hi, •njoa 
two consecutive wliole nnmbers, they will become negatu e by the 
same number of differentiations, and the differentials of both terms 
of the fraction, reduce to infinity at the same time , as will the 
snccessive differentials. In this the only failing case ot the rnle, 
wo shall not be able, by its application, to obtain the true vilue 
of the fraction, bnt must fail back upon the general rule, Aii. (60). 
Aa an illustration of this, we may refer to example I, article (60), 
in which the second differentials, and all wltich follow, become ia- 
ilnits when x ^^ a. 



E^vmnples 
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ivliidi lieeomas J- wlicn a; = 1 

dr = iix''~'dx, d.s = dx. 



whieli becomes t wben x = ~, 

(Jr = — C03 a^, ds ^^ — sin xd^, 

IS. If 



i' S.-c^ — 2hcx + bc^' 

dr — {'26X — 2ac)d.t; ds = {2hx — ilc)dx, 

boHi of ivliieli reduce to 0, ivlicn x ^ c. Difterentiating- again, 

dV = ^adx', d's — 2hdx\ 






(a,^? 
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ml( 


-^) 




' 


1 -~ 


sill » + COS ai 


smx 


+ ■»"-! 


a — 


;c — ala + itlx 


a- 


-V2«-»- 


af 


— a 


I — 


!+(» 


:c — 


2 sill I 



when a ^ 0, Aus. /(t ~- Z6. 



63. We sometimes meet with. tJio product of two faotoi's, one 
of whicli becomes 0, and the otiisr co , for a pai-tieular value of tte 
vai'iable. Let rl be such a pi'odiict^ in which r hecomos 0, and ; 
infinite. It may he written 

rt = -, 



wMch, for the particular value, becomes s- Its value may then ho 
determined as in the preceding ai'ticles, 



Let rl r=: (1. ~ a:) tang — ; when 
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Writing it under tho propcsed form, we have 

rl — ^ ~'' = ^ ~*' 

~ ^ ~ cot — 
tan 51 ** ~^' 

tho true value of wliicli, ivlien a; = 1, is -. 

Ii3, Tiie fraeUon - maj become -^j in wliicli csim it may 1 



wliicli beoames ii x ^ ^ ''■" x 0, and may then bo treated tis iii 
file preceding artide. 

64. Sometimes also, we find expressions wMeli become <n — cc. 

Let — , 

be siieli an expression, r and s becoming 0. It )n;iy bo written 

wMcli will reduce to J. For an example, talte 
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which hecomes a> _ la, when x := -. By reduction we obtain 



tJio ti'uo yahie of wHoli w 



MAXIMA AND MINIMA. 



65. A fimction is at a maxiimim st,ito, 3. mim w! ei I 

is greater than the state whieh immediately jr e ede'i ttd jieati 
also than the slate which immediately follows tt and a mii imwn 
when it is less than both of these states. 

Tiivs, if M be a function of x, and x be decreased so as to gi e 
the nest preceding state to u, denoted by u and tiien naeaaed, 
by the same qnantity, so as to give the next su jjee 1 n w state « 
if w be greater than botli u" and n' it vilW I 3: n f Ici 



G6. If M is a function of v, and x suppoaed to be moreaaing, it 
is evident that when p<is-.nig fiom the preceding stfltee to its max- 
imum, w must increase as v increases, that is, be an increasing 
function of a: ; and when pa&sing ii-om its maximum to the enc- 
ceeding states, it must deeicase as a; increases, that is, be a de- 
creasinff fiincfion of t In the firet case, Art. (12), the sign of ife 
first differential cueiBeiPnt must be positive, an.d iti the second, 
negatdve; therefoieat tie m'^imum state ike first differential co- 
e^dent must change its sign from plus to minus. For a similar 
reason at a minimum state, the first differentia] coefSeicnt must 
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obaiigQ its s\.gafrom mimus to plus. But as a quautity oan cliange 
its sign only by becoming zero or infinity, it follows that no value 
of the variable ■wUl give a maximimi or miiiiiauin value to the 
function, unless the same value reduces the first dlfferontiiil coeffi- 
cient to zero or infinity. 

The roofs of the two equations 

da „ ,,, , du (?3i ,, ,.,, 

£=•> «' ""' S="°' £=° ''*■ 

will then give ail tlio vahics of h el an po Uy m 1 e i 

maxinium or a minimum. After 1 n„ obta 1 tl ool 1 t 

each, first with an infinitely small d c ement and th vitl a 
finitely small increment, be sub t tut i n th n f to 1 

botH the results are less than the one obtained bj substitutmg the 
root, the latter will be a maximum; if both are greater, a minimmn. 
Or if it bo more convenient, let each of these roots, with an infi- 
nitely smaU decrement and increment, be swceeieively substituted in 
the first diflerential coefficient ; if the first result be positive, and 
the second negative, the root will make the function a masimum ; 
if tlie reverse, a minimiim. If the two results have the same sign, 
the root under consideraliou will give neither a maximum nor 

Since equations (1) and (2) may give several roots which n-ill 
fulfil the required conditions, there may be more than one masi- 
n state of the same function. 



= » + («- J)'-. 
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Placing j^ = 0, we iiuve 

2{x— li) = 0; wlieiiee, x = b 

If in equation (3) we substitute first, b ^ It for x, and then 
& + A, we have 

■a" == a + h^ and jj' — <t + ^° 

both of which for aU values of A sxn p-eater Him u = a, the resuU 
obtained by substituting b for a: ; heme u = a is a minimum. 

The only value of » which ivill reduce _to Oisa;=:co: there 
ail 

is then no finite value of x wMch ■will satisfy this condition, hence 

X =: 6 ^ves the only minimmn state, aud there is 



^-W (4) 



avid — . = 1 i . 

du 2 



» , whioli gives no finite solu- 



Pliicing _ 



&{x — b) = ; ivlieiico 



If tlien in (4), we substititte first h — A, and tlien h + h, ft 



, Google 



DirPBHESTlAL CALCULUS. 



Ijoth of "whicli are less than « = a, tJie resiilt of the snhatitution 
of 6 for iB ; 11 :^ a is then a raaximuw, and the <mly one, and there 



If in tlio first differfaitial coefficients in the above examples we 
sLilslitute 1> — It and & + ft for .r, we obtdn in the first, for 5 — ft 
a negative, and for & ■!- A a positive reanlt, and in the second the 



67. Wlien tiie states which immediately precede and follow the 
maximum, or minimum stftte of w, can be deduced from Taylor's 
foimula, a more convenient rule may he applied. To d 
it; let 



=M, 



thei 



and by Taylov'.s formula 

dx ^ dx' 1.2 rf.-E" 1.2.3 

\ Art. (34,) 

" dx l^T^ ~~d^ 1.2.3 ■ J 

In order that m he a itiaximxiTn it must be greater than both ii'- 
and «", that is, the second members of the above equations, for an 
infinitely small value of A, must be negative ; and for a minimnm 
the reverse. But for any value of ft less than the one refeiTed to 
in article (11), (and of course when ft is uifiuitely small), the signs 
of the series will be the same as the signs of their firat terms ; but 
these terms have contrary signs, hence tliei-e can be neither maxi- 
Q unleffi the first tei'm of each series bo 0, which 
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requires that — =: 0. The roots of this equation will thdu, ia the 
case under consideration, give all the values of a; whidi can possibly 
make m either a maximum or minimum. 

Let a be one of these roots, and let it he substituted for x in (be 

two series, then, since ( ^ 1 ;= 0, we have 

^ ' \(lx'J,._„ 1.3 ydxy,„„ 1.2.3 

Thesigiisof the scries now depend upon that of / -^ 1 ,andni]l 

Y'V— 

both be negative, and t'^^„ a maximnnt, if ( — J is wm- 
live ; and the reverse if this is positive. 13ut if / — \ ^0, tho 
fiigns of the series ivill again be eoiitraiy, and there can he neithei' 
unless / ^- I = 0, in ivhieh case the 



signs ivill be the same a? that of ( . — j : And in genera], if there 

be eitlier a maximum or minimum, the flret differential coefficient 
which does not reduce to when x = a, must be of an even order, 
negative for a maximum, imd positive for a minimum. Whence to 
determine the maximum or minimum states of a given function. 
Fivd its f,rst differential coe^cient and place it equal to ; substi- 
tute each ^ ike real roots of the equation thusfm'med, in the second 
differential coeffident. Each one which i/ives a negative result, will 
when substituted in tlie fanetirm, make it a maximum, and each which 
gives a positive result will mahe it a minimura. If either reduce 
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Dirl'BKBNTIAL CALCULUS 



tlic second differential coeffcient to 0, substitute in llie third, fourth, 
<£c. until one be obtained which does not reduce to 0. If tliis be 
of an odd order, the root will con'espond to neither a mcmimim nor 
minimum ; if of an even order and iiegative, there mil he a. cmres- 
ponding maximum ; if positive, a 7) 









Example. 








1. It 






= £+«? — 


..' 


'x, 




*_„. 4- <,„,„- 


- 3.' ?i 




2. 


^- 2a { 


Plndng 


tlie 


- 


dx 
a^ + 2aa: — 3a 


ha^ 


■ 0- 





the roots of wliicb are x ~ a, and x= — 3a. ITie firet substi- 
tuted in (1) gives 4(i, itMcIi being positive, indicates a minimuni. 
Tlie second suljstjtuted in (1) gives — ia, Avliicli indicates a niasi- 
mum. Substituting the roots in the given function, ive hare for 

the Tnin imnm u= — , and fur tlie maximum u = 9a?. 

3 

2, If « = 2.C* + a^x, 

'^ = 8.^ -{- a\ ^ == 24a^ (2), 



Placing the value of — = 0, we have 
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)0 DITTEKESnAL CALCULUS, 

This value of :c in (2) gives Ga% nncl indicsites a 



CS. Lot V — All, 

!J being aiiy function of .«. By difFeientialion, &c., lyeliave 



from which it ppe^l■5 tl it tho e vahies of a:, which make — = 0, 
will also make _ =; 0, lud tlje roverse. Also, that any of tkese 

values, wten subatitutpd in th second differential coefficients, will 
give results aftected with the =!Uiie siga. Hence evei^ value of a: 
which will make u a maximum or miniraimi will malce Am a maxi- 
mum or minimnin, Thm'efore a constant positive factor may be 
omitted dunng the search for tliose values of lAe variable corres- 
ponding to a maximum or minimum. 
To illustj'ate, tike the example 

-^(SM — ^) (1), 

Omitfing the constant factor, iva may writa 

d.r~ ' ' dsi"- 

Placint' — = 0, wo find x: = «, which in (l) gives tho maxi- 
ma 

mum value ab. 
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69. Let D = m", 

u and 1' being functions olx, and n entire. Then 



; + .(»^i).- 



Kow every value of x which will m:ikc — ^ 0, will also make 

— = ; aTid if the same value makes nuT'' positive, it will give to 

— the same sign as — . (since . — - = 0) : that is, if it makes « 

a maaimum or minimum it will make v a maximam. or minimum. 

If it makes km""' nemtive'it will ffive to^ — ^ asiffncontraTvtotliiit 
lie' 

of ■ ■■ : that is, if it malses u a maaimnm, it will mate ti a 

d3? ' 

and the reverse. 

All values of x, however, ^vliich will mako v = u" a. 
or mlnimuin, ivill not necessarily mako w a 
for the ec[uation 



dv „_i dv. 



Oj 



may be s;itisfied by maldug cither 

,,»- = 0, or I = 0. 

Those values of x which satisfy the firat, and not the 
tlirae equations, ivill make u neither a maximum nor 
but may make v -— tC a maximum or miuimum. As in thi 
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dv z= iudu ■- - 



Wo may yndkn -— = 0, bj placing either 

2m = 2(a' — ar') = ; "wlieiice x — a, 

'h^ = ^- 3.,^ = 0, " ^ = 0. 

llie \ilue 1=0 eMiltnih m it. imiiiuum 1 iv 
^oas mt rIi 3— ^ - " l> i «ill mi]," u n itlira i 

niurn. nor mimniiim 

The v^lue a: = ansTiei's ti iiPitlier a 
As the cocresponcling poivei of a radicil expression is formed bj 
oraittifliT the ladical sign, we may in accordanct! »'ith tlie iboie 
principles, omit it, and seek tliose values of the variable which mil 
make the power a maximum oi' minimum. We are sure thus to 
get all the values which will make the root a maximum or mini- 
mum. Care should be taken, hov^evei', not to use Miy of those 
which belong only to the power. 

70. In a manner similar to the above, it may be shown that any 
value of the vaiiahle which will render u a maximum or minimum 
will also render log m and a" a 



71, It often happens that the first differential coefficient is com- 
losod of two or more variable factors, each of wliich, when placed 
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equJil to 0, may give values of the variable, eorrefiponditig to ii 
n states of the function. Let 



1)6 sncli a coefficient, X being when x - 

dx^ dx I 

01' siiice Z = ivhen s = a, 



(£I.-(-'t1; 



That ia, to fbttm the coiTespocding \ilae ot the second diffe- 
rential coeffiaent, multiply tlie di^efential coeffiutut of that fac- 
tor which is 0, by the other factors, and then substitule the particu- 
lar value of the variable To tUuittale, hi 

which is cqia.il to 0, whcAi 

ix = 0; whciiM a> = (1). 

{x~af=0; " x = a (2). 

(4,r-«)-0; '■ X =2- (3). 

Taking the first factor 'ix, and imiltjpljing its differential coeffi- 
cient by the other factors, we obtain the expression 
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94 DIFFEliEMTIAL CALCULUS, 

2(«-.«4.-«); 

from wliicli, by making x = 0, wo obtain 

wLidi iudioatea a miniinum. 

Multiplying the diffevential coefficient of the third factor ix — a, 
by the otliei's, and making ^ =: -, wo obtain a negative J'&sult, 
which indicates a madmiun. 

Tlio second value of x reduces — - to 0, hut will mal;o - — ■ iiosi- 
tivc, and give a minimura, Art. (G'Z). 



72. If the function be implicit, we have only to find its differen- 
tial coefficient as in article (IT) or (53), and proceed as with an 
explicit function. To illustrate, take the example 



and let it fee required to find tlie value of « which will make y 3 
maximmn or minimum. By differentiating aa in ai-ticle (53), we 
obtain 

2!/i?y — 2m^>/ — 2mf/dx + 2xdx =; ; 

whence 






,..(2). 



Placing this equiil to 0, we have 

m'j — a; .= ; wlieiiee 



, Google 



wMeli, iii equiitlcn (1), giv 



Vl-rn?-' Vl- 



Differentiating the fiictoi' mj/ — w, equation (2), dividing by d,;, 
tnd multiplying by , Art. (TI), we obtain the expression 






whicli, by tlie substitution of tbo values of y and s, (since tlien 
dy 



= 0), 



— 1 



73. Tlie only difficulty in tlia application of tbo preceding prin- 
ciples to the solution of problenis, consists in obtaining a convenient 
algebi'aio expression im tbe function whose maximum or mini- 
mum state is required. TSo general rule can well be given by 
which this expression c&n be found. In order to indicate as clear- 
ly aa possible the methods to be pursued, we ■will give tiie sohition 
of sevei'al cases differing from each other. 

1. Eeqiaired the dimensions of the maximum cylinder, which 
can be inscribed in a given right cone. 

Suppose a cylinder insciibod, it.': represented in the figure. Let 
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DliTRHF.NTIAL CA.LCV1.US. 

VA =:= a, V,A = 5, ¥0 = 3;, CO = )/ 



tlip-E AC = « — X, and tliB solidity of 
the eyliridcr, wliicli we denote by v, is equal to 



From the similar triangles VOO and VAB, 
^'e have the proportion 

.-c : j/ :: a : l\ v.lieiicn y = — . 

Subsiitiiting this value in (1), wo have 

(~>i)iittiiig the eoiistant factor, Art. (08), ivo may write 



Pkcing - = 0, «e iiiid llie roots x ^. 0, and a: = ia. Tho 
dx 

second valna of a: in (3) gives — 2a, and therefore will mal;o v a 
ill itsimum, which is — -— . 



For tho altitude of the maximum cylinder, we have a — w = 
and for the radius of the base i/ = |6, 

The first value of x in (3) gives 2a, which indicates a mimm 
which is evidently v = 0. 
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2. lii^qiiii'od to draw a tiUigent to the given quadrant ABD, s 
tiiat the triangle CFG sliall lie a rainiinum. . 

Let OB = R, -FB = ^, BG = y ; 

thea FG = re + y. The ai'ea of tie 
triangle is equal to -JOB X FG, whicli 
since JOB is constant, ivill he a minimum 
whea FG is a minimum, Art. (G8). In tlie 
right angled ti-iangle CFG, since CB is per- 
pendicular to FG, we have 




R^ = xy ; 



whence 



whicli, hoiiig placed equal to 0, gives a: := R, and ;; = E. 

Hence the angle BCF = 45°. Obtaining tte corresponding 
value of — — , as in Art. (7l), we find for a 



rfar^' 



11 



3. The whole surface of a right cylinder heiug given, it is r 
quired to find the radius of the base, and altitude, when the s 
lidity is a maximum. 

Let m' = the surface, x ^= tJie radius of the base, and 2: ^^ i! 
altitude, then 
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= 2*as ~\- 2i!x^ ; 



'=v's' "* '='\/S' 



maximum. 



4. Eequired to divide a given qaantity a, ink> two parts, snob. 
that the !«th powei' of one, multiplied by tlio nth power of tlie 
other, shall tw a maximum. 



5. In a giTen triangle, it is required to iiiscrihe s\ 
tangle. 

Hie altit-.ide of the reclangle — \ altitude of tiiaHgle. 

Q. A certain quantity of wat«r hoing given, it ia required to find 
the relation hetweeii the radius of the hase and altitude of a 
cylindrical vessel, open at the top, which shall just hold the waliir 
and have its interior Burfaoe a minimum. 

The radius = the altitude. 

V. Eequired the maximum rectangle which can be inaciibcd in a 



Each side = KV^T 



8. Eoqulred the 
given sphere. 
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0, Rec[ui)'ed. tlie mijiinram triimgle ttat cai 
about a given poriioD of a semi-pavabola. 

10. Required the maximum cyliiidei' that ciui he insc.vibcd ii 
given ellipsoid of revolution. 



11. Eeq^iiired the axis of the maxiimim pariiU.i that can "be 
cut from a given right cone. 

12. liequited the minimum value of yiu the equation y = sf. 



AND MINIMA OF FUNCTIONS OF TWO OR 
MORE VARIABLF.S. 



74, A function of tivo or more variahlea is 
ia gi-eater, and a miuiiaiim when it is less, than all of its consecu- 
tive states. Let 

M = /{a:, y), tben u> ^./{x + h,y + k), 

U' - W ^ h{p + p'l) 4- ^]^ {q + 2q't + S"i') + &C (1), 

after placing in tlie developniont of article (49), 

1= ht, — =p, -j-=P', 

(Is ay 

d3? ' dxdy ' dy' 

The sign of this series, when h is infinitely sm !1 11 1 p I 
upon the sign of its first term. Now we shall oht, 11 f th 
conBeeutive states of u, by giving to A and Jc prop ti t ly li 
values, botli positive and negative ; and therefore, wl n « la h 
a maximum or a minimum, the sign of li' — ti for allthese values 
of ft and h ravsi be the SEime : But the first term of the series (1) 
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oyidontly chimges its sign ivLen iLe sign of h changes ; tliftrs 
tlieii, be neitlier a 



h{p + p't) = or p -\- p't=0, 

and wince tliia must lie for all va.lue9 of i = -, ive must have s 
A 

paratelj p = () and ji' = 0, or 



r5=.o (2) ^ = (3). 

The yaluea of s and y, deduced from these eqiiafiona and substi- 
tuted in tie second term of series (I), (A and h being infinitely 
small,) slioiJd mate it negative for a maximum and positive for a 
This tei-m may be put under the form 



1.2 Vj' 



wliieli, if tjiere be a masimum or mininuim, must not cbange its 
sign for any value of t ; but this requires that the roots of tbo 



be either imaginajy or equal ; that is, that q and q" have the s; 
sign, and q'^ < qq" or g'= = qf. 
The conditions tlien are 

dxd'j) dx^ dy^ d^ dy' ' 



% iUid y deduced from the eqiiatioTis — := and - 
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been substituted ; Aiid since tlio sign of tbo second lerm will 
then depend upoa j", tlie sign of — - mimt be negative for a max- 
imum, and positive for a minimum. 

If tlie second term becomes 0, we must substitute the valuer of 
« and y in tbe third, which must also be 0, and the sign of tie 
fourth negative for a maximum, and positive for a miuim.um ; the 
discussion of the several eonditiona of which, alOiough complica- 
ted, may be made in a manaer similar to the above. 



Examples. 

1. Required to divide a number a into three parts, such that 
tiie cube of the first, into the square of the second, into the firet 
power of the third, shall he a maximum. 

Let ."K =: the fi^t part, and y := the second ; then a — x — y 
=i the third, and 

■a = xY [a- x~ a), 

Jf = zYiSa -- 3>j - ix), Jf = ^y(2a - 2y - 2^). 

da; dy 

Plaoijig these equal to 0, we have 

Za — Si; — 4,iT =0, la — 3i/ ~ 2.-c = ; 
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wliicli for tte pai'tieiilar valuea of x and y liecome 



2. Make ilis preceding propMition general, by putting for the 
cube, sq^niare, and cret power, the with, nth, and rth powers. 
Then 

u = x-fia - :c - y)-, 



m + n + r m + n +?■ 

3. Required the shortest distance from a given point to a given 
plaiM. 

Let tlie equation of the pl;ine be placed imder the fovm 

K — Aa; + By + B, 

and iiie co-ordinates of the given point bo <c', y', and a' ; then 



!■ putting foi' J its value, 
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Calling tlic radical, li, we shall Ti&vn 

du^^ y — H' + (A.X + V,!J + D — z -)Ti 

du _x-- x' + {Ax + ^^y + ^D — z')A 



Placing i^ese eqiial to 0, and solving the resulting equations, 
we m ay obtain the values of n and y ; and thence, of «. Oi' other- 
wise, putting for Ax + B^ + D its value z, we have 

y _ J/' + I!{i — z') = 0, aiid .V -s:'+ A{b - z') = 0, 

"which ai'o eviclontly the equations of a perpendicular to the plane, 
and if combined ■with the equation of the plane wHl give the values 
of a, y, and z. 



'5. In order that a fuiiction of tlii'cf 
must have 



dx dy d% 

and the relation between the partial differential coefficients of the 
second order must be such, that the second tenn, bi the develop- 
ment of tlio difference u' — u shall remain of the same sign, for 
all the consecutive values of the function. 



APPT.ICA'J'ION OF THE DIFFERJ^NTIAL CALCULUS 



76. To x in the espression 
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assign a partieiilai' value, and deduce the con-csjionding value of v. 
These values, taken together, may he considered the co-ordinates 
of a point which may then bo constructed. By assigning an in- 
finite number of values to x, and deducing llie correspondiDg 
valaea of it, an infinite number of points may he determined, 
which, being joined, wiE form a curve whose ecjuation is u =:f{a:). 
Ilcnce, ive conclude that EBifryyMBciwt of a sint/le variaUe taay he 
regarded as the ordinate of a curve, of which the variahte is the 



77. LetBMM'be 



the equation of which is j = f{x) ; 
a,nd M any point of this curve, the 
co-ordinates being x and y. In- 
crease the abscissa AP or x, by 
the variable increment PP' = h ; 
denote the corresponding ordinate 
P'M' by '/ ; and draw the secant 
M'MT'. Then 

M'Q = P'M' - PM = y> — y=-.Vh + J"W Art. (10). 

From the triangle M'MQ, wc have 




and plaang for M'Q and MQ =^ PP', their values, this becomes 



Now if h be diminished, the point M' approaches M, and the 
secant M'T' approaches the fcrngont MT, and finally when /i = 0, 
the point M' coincides ivitli M, and the secant with the tangent. 
If tlien in (1) we mal^e h = 0, wo have 
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, CALOC 



taDg MTX = P =^ 3 



tliat is, the tangent of the angle which a tangent line at any ^int 
of a curve makes with (he aaia of X, is equal to (lie first differen- 
tial eoefficient of the ordhiale of the curve. To show the applica- 
tion of tliis prindple, let iis take the equation of a circle 

ir-' + f = IV ; 



•i!! ^-^ (2); 

for the general value of tlio tangent of the angle made hy a tan- 
gent at any point of the circumference, ivith tlic axis of X. 

If the particular value at a point whose co-or<linatc3 are a" and 
y" be required ; for x and y, let a" and y" bo substituted, then 

"cte" ~ y"' 
Talce also the e<iuation 

,' = mx + m? ; 
whence 

dy Til ~\- 2nx m -\- 2«i- 

For the particular point y" and x", this cxprsssion bseomes 



* Warn.— Thi! notation 'il-, zJL^, &,c., is iisetl to indicate what 
si, second, &e, differential coefficients become, when for the general r. 
les X and ji the pariicnlar values af' and y" aie snbstitated, 
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18. If it ha required to find the point of a given eiirve, atwliieii 
the tangent line makes a given angle with the axis of X, we know 
that at this point the fii'st differentia! coefficient must he equal to 
the tangent of the given angle. Calling this tangent a, we miBt 
then liai'e 

and this comhined with the eqiiation of the curve will give the 
paj'ticular values of x and t/, for the required point. 

If the tangent line is to be parallel to the axis of X, then for 

thepoint of tangency, -ji = 0; and if perpendicular, -^ =: a. 

We mil illusti'ate each of these cases by an example. 

1. Let it he required to find tlie point on a given pai'ahola, at 
which the tangent line makes an angle of 45° with the axis. The 
equation of the parabola is y' =^ 2px, by the differentiation of 
which, &c. we have 

dy _ p 



But as tang 45" = 1, we liave, for the required point, 



and, corobi'iing tliis with the equation ^/' = 2p: 
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Tho tangent at the extremity of tlie ordinate passiiig thvougli 
the focTis, will then fulfil the required eonchtion. 



!/ = «+(=■ 



which is equal to 0, when ic = c ; and this value of 3; in (l) gives 
y = a. TIiGSO are then the co-ordinates of tJie point at which the 
tangent is parallel to the axis of X. 



!, = « + (,-.)' 
: then 






2(0-^)' 



which is equal to infinity, when x =^ c. -x ^= c and y ^= a are thcin 
tile co-ordinates of the point at which tho tangent is perpendicular 
to the axis of X. 



70. If x" and y" represent the co-ordinates of a given point on 
a given curve, whose equation in y =: /(,r) ; the equation of a 
straight line passing tlirough this point Tvill be 

2/ - ?/" = «(^ -- a;"), 
« being indeterminate. This ivill become the equation of a tan- 
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gent line at the given point, if for a wo put -^. Wc thus ob- 



By difforeutjatiug tlio oquation of an ellipse 



aad tJiis value in (l) gives, for tlie equation of a tangent, to a 
ellipse at the point y", x", 

wliicli, by reduction, becomos a^yy" + i'.iM'" = a^°-, 



80. If tlie equation of a tangent be required, which shall be pa- 
rallel to a g^voa line, or make a g^ven angle with the axis of X ; 
we may determine the co-ordinates of the point of contact as in 
article {IB) ; and knowing these, tlio equation may be deduced as 
above. 

ThuB, if a tangent to a circle be required to make with tlia axis 
of X an angle whose tangent is 2, we must have for tlie required 
point, equation (2), Art. (77), 
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From this, -we find y = -, wliicli, combined witli tha eqiia- 

tion of the circle, gives 

iuid eqiiftfion (]), Art. {10), Ijecomcs, when wc use the upper 






81, The general equation of a normal, deduced from equation 
(1), article ('?9),is evidently 



83. The light angled triangle MTP {Kgure of Art. 11) gives 

PM = PT fang MTP ; hence PT = ?2^- ; 

tang MTP ' 



MT := Vmv' + fP. 
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The riglit-aagled tiiaDgie PME gives 



PE 


= MP tang PMH 


; but 


PME ■ 


^ MTP; 


lieuce 










rR = 


MP tEtng MTP, 


0.. 


Suhnonn 


--I 


Also, 


un = 








lience 


VmF + k?; 






Nm-mal = \J y^ -^ fj^^ = \ 


^\/l + 




To apply 


these foiiniilas to 


3 particulai 


■ curve, it 


. is only necesaa- 


ry to substitute in each tlie value of — -, 
dy 


or -^, deduced ftom the 
ax 



difEereiitial equation of the curve. The results will be general 
for all points of the curve. If the values for a given point be re- 
quired, in these results let tlie co-ordinates of the point be sub- 
stituted for ie and y. 

For example, take tlie general equation of Conic Sections, 



These values substituted in tlie formubis, give 
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PT = ?i'^+ »■'). PE = J 



MT=v'"+--+*(:::^2^)" 

Por the paj-aWa n = 0, and tKese cxpvossions beec 
PT = 2x. PR = ~ 



83. E a cni-ve lie convex towards tlic axis of X, ;md tJie ordi- 
nate postii-we, as in the annexed fi- 
gure, it is plain, that as the abscissas 
AP, AP', &c increase, the tangents 
of the angles MTX, M'T'X, &c., will 
also inci-eaao, and the reverse. Since 
these tangents are represented by 
the corresponding values of the firat differential co-efljcient of the 

ordinate I .JL I, it must be an increasing functimi of x; and its dif- 
ferentiai coefficient, i. e., —^ must be jmskive, Art. {! 2). 

If the curve be still conves, and 
the ordinate rtegative ; the tangente 
of tlie aiigl^ STX, S'T'X, &c 

plainly decrease as x increases ; - - 




, Google 



ia a decreasing fuuction of a.-; and — i must be neaaiive. 

Iftienacui ele o to Til theixs ot ibcssi. IJ e i 

n te a I ts c d d 7 i al coe^ei t t I ttUdffet 
ft) nts will ihe 17 e n 

If the cur e 1 e ni a e t 
tlie o dmito po» iiv is a t 
( „ e the tanaonts of tl ^ 



M 



>v 



-j_. 



i^ 1 [TX MTi ie 



dl 



If file cui-vo l>s concaro aud tlie oidinate negative ; the k 
will evidently be tJie cnso, and 




Hence if a curve be concave 
towards tbe axis of abscissas, 
t/m ordinate and its second dif- 
ferential coe^^cient will have cmi- 
trary siffns. 



4. An asymptote is a line wbicb, eontimially appmacbing a 
to it at an infinite distance. Asynip- 
'linear or rectilinear. Tlie latter only will be 



totes may be 1 
considered ber' 



Let MV bo any cuiTc, and BG a 
rectilineal' asymptote. Also let MT 
be any tangent line, tbe equation of 
wbicb, article (TG), is 
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DirFBEEHTlAL i 

If wfl mako y — m this equation, "we obtain 



How aa the point of contact M, the eo-ordinates of which are 
!c" and I/", is removed fei'ther fcom iho origin, the tangent MT 
will approach nearer to the asymptote EO ; and finally, when M 
is at an infinite distance, the two mil coincide, and the distances 
AT and AS become respectively equal to tlie distances AB and 
AC. 

If then the expressions for AT and AS, wlien such values are 
sahstiiatedfor x" and y" as to reiimve the point M to an infinite 
distance, are both finite, there will be an asymptote, whicli may he 
drawn through the points B and C. 

If on© of these expressions becomes infinite, and the other finite, 
the e will he in a ymj t te ] a all 1 (o th a 's on which the dis- 
tance s nfi tc 

If 1 otl 8sp e s ons become fin to the e 11 he no asymptote. 
It both beco ne the asymptot ill p ss through the origin of 
CO o dinatcs anl tUe tano-e t ot the a gle which, it mjdtes with 

the a a of X ) 1 e It-u ed fion the t 1 e of $^,whenfora;" 
ax" 

■\ \ y tleproj^e value i nhst t tel 

Hen n to const t the "kymjt t f t ^ e curve ; find, by dif- 

f ent at n^, the quat on ot tl e c r th( 



f ^y" 



wl 1 sTibstit t« f miilao (1) a i{ ) tl results thence ob- 
ta e 1 by It tulan f 1 7 ^ 1 '^^ for that point of 
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tlie curve ivliicli is at an in0mte distance, will bo the distancea cut 
off from the eo-ordraate axes by tLe asymptote, if tlicre is one. 



Examples. 
1. Take tlio donation of lines of iJie second order, 

,f = ,m + «•. 
]!y differentiation, &c., we obtain 



± 2 Vmai + war 



Substituting tliia and tlie value of y" = ± s/mx" -[- nx"'' 
n (1) and (2), we liave 



'- + 2n 



.„{3). 



In this ease, the co-ordinaf«s of that point of the curve which 

s at an infinite distance are x" = w and y" = cd. Making x" 
= OT in (3) and (-l), we have 



,y Google 



For tlie hyperbola n is positive, these expressions are both finite, 
and, as there are two cUffevent values of AC, there ai'e two aaymp- 
totes, aiid snice m = — ajid n ^ — -, we ii.ive 



AB = ~ A, AC = ± B. 

For the parabola w = 0, the expreaiioiig are both infinite, and 
;here is no asymptote. 

For the elliijse n is negative and AC iman^naiy, as it should be, 
;ince there is no point of the ciu-ve at an infinite distance, and of 



2. Talte the ec[uatioii 

a? — Sa:.y + f ^ 0. 
Fl'om formulas (l) and (2), we ohtain in this 
AT = "fy" (5), AS ^. ^-^. 



As it is difE,cult to obtain tiie value of y in terms of x iiom the 
given equation, we can not at once eliminafo y" from (6) and (G); 
but if we make x = iij and substitute in the given eqnation, it will 
bo (hrisible by y^, and we then find 
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If in 


litis w 


e Kialie i = — 1, wo have 


\ r-^ 




y= og; 


heace wlien y is infinite it is eqaal 


X^ 




to — «, 


and for tliat point of tlie curve 


''\\ 




■ H'liich is ai an 


jnnnite custance ive nave 


X 




y" = - 


_ 3i" = 


CO. 


\ 




Clian 


.gijig y' 


' into — a" in (5) and (6), 






Uiey become 




AT = - 


- 


•-, 


AS = ~ ; 


1 


+ 


?^ 




^-^ 


Mid mating m" - 


-, 


we find 






AB= - 


■a 


a 


nd 


AC = - « ; 


heiiee BO is tlie asympUite. 







3. Talra the eqiiation aV = Pi 

in tlie ciirvo represented by whidi, tlio poinLs ,at an iiilliiito dis- 
tance liave for their co-ordinates ic" ^0, j" = co , and ij" — 0, 



DIE'PEREI^TIALS OF . 



SIj. Let « represent any function of x 



two funeiaons of a and A which have tie same hmit, denoted hy 
m ; and suppcse that for all small values of 7( 



Since Q and Q' have tlie 



- < Q'. 

t j», they must approach r 
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equality as h diminiahes, and each reduce lo m ivlien k 

zero; and since ■ cannot for any small value of k bo lesF 

tlian Q nor gi-eater tliaa Q', it follows, that being tills compre- 
hended between Q and Q' it must with them, as h diminishes, ap- 
proach Beaver and nearer to m, and when h becomes 0, it niusr. 
also reduce to m, ov m miist be its limit, that is, Art. ("i), 



Hence ; if ike ratio of ike increment (ft) of the variahle lo that of 
the fuTiction, for all small values of li, he ffreaUr than a certain 
quantity, the limit of which ia m, and at the sanm time less than a 
certain other quantity the limit of-mhich is m, then viill Ike differ' 
ential coefficient of the fimction he equal to m. 

We must therefore have 

u' — u = vih-\- T'h' Art. (10). 

By dividing this, fir&t by QJi and then by Cl'h, wa have 

m + F 7i ni_+I"A 

~Q"~ ~Q! """ 

the limit of eitlier of whieli ia — ^ 1 : Heiice iJie limit of the 
ratio oJ>tained hy dividing the inermneiit of the fvMetion iy eitlwr 
of the quantities into k, is unity. 



86. Let BM = a bo any arc of a. cnrve, the equation of which 
is y =^f(ai). Although k changes whenever x or y is changed, 
yet the equation y-=f{x') establishes such a relation betwocii j' 
and y, that one is neceasai-ily a function of tJie other, z may 
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lerefom be rogiirded a:; a function of eitliei'. Let us regard it aa 
function of x, and let AP = a;, PM = y ; and inci'eaae 3: by 
PP' := h ; then 

Bil' = z', and MM' := i' ~ z 
will be tlie increment of tlio ai'c z, and 

M'Q = y' - 1/ = P/{ + Vh\ 
llio increment of the ordinate y. 
Draw the tangent MW at the point M. ^Ve then have 
tang 5irMQ = '^ = P, 
MQ = P/i, NQ - M'Q = KM' = - P'/(^, 

MM' = Vji^^ + M^Q^ ^ 7t Vl + (P + P'A)=, 
MS" = Vmq' + Sq' = a vT+P^, 

MS" + KM' = hv'l +P' — P'/{^ 

But the arc MM' is greater than the chord MM', and less than 
the broken line MN -\- KM' for all values of h ; therefore 



'.'~z>h^/l + (P+P'"A)', Mid 



z < ftVl +P' - P'A^ 



~—^ > Vl + (P + V'hf, —^ < VH- 1" - FA ; 
the second members of cacTi of which expressions become 
Vl -I- P^ when A — 0. 
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Xlierefore, in accovclance ivith tlie principle of the preceding ai'- 
ticle, "WO must ]iavo 



= vrTp-=V' + g 



dz = ^/dx^ + dy" ; 

that is, the differential of an arc is equal to tlte square root of the 
mm, of the squares of the differentials of the co-ordinates of its 
points. 
To illustrate, take tlie equatiou of a eiicle 



Vl-i' - a^ 






S'J. Since, also, hy article (85), tlie limit of the ratio 



hVi + (P + F'hf 



uw 



is tinity. we prove ttat the limit of tlic ratio of a chord to its c 
responding arc is unity. 



88. Let BMP = s, be any area limited by a curve and the 
s of X ; it will evidentJy be a function of x. 
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DIFFBEBMTIAL CALCULUS. 

Ui AP ^ a,-, TM = y, PP' = /i ; 

then P'M' = y + Pi + P'ft'', 

and PMM'P' = s' — s 

tlie inercmoiit of Uic area s. 

Tho rectangles PM' and PQ being constructed, w& Iiave 

PQ = yA, PM' = P'MVi =: (y + PA + P'A')fi. 

But file ai'ea PMfcl'P' is always greater tlian tho rectangle PQ, and 
les3 tliaa PM' ; whence 




,>,h, 



. < (5 + Pi + P7,");., 



i^>J, l^<!, + P/. + P7.-, 

botU of which quantities become y, when /i -- ; heiic^, Art. (85), 

'}t = y and <?s = ?/(ii^ ; 

that is, i/ie Mfferenticd of the area is equal to the ordinate of llie 
botindinff curve into the differential of the ahschsa. 

The difievential of tho area included between the cto-yo and axis 
of Y, may be found in the same way to be 



ds : 



^Aj. 



If the axes of co-ordiuatca ai'e obhqae to each other, the rect- 
angles PQ and PM' become parallclogi'anis ; the ai'ea of the firat is 



aud of the second 
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(J representing the angle madu hy thu axes of co-ovclinates ; ivlienca 
ds -^y sin u dx. 
I'oi' an oxamplp, take tlie eq^iiatioa 

f = l\'' -x^; 



■when 



= ydx = Vli^ — a'^'/.f. 



Tate also tlio equation 



the axes of co-ordinates being oblique ; tlieii 



89. Let the curve BM revolve about the axia of S; it will gen- 
orate a surface of revolution which will he a function of a;, and 
which, we denote by u. 

The Jiotfftion being as in the preceding articles, tlio incremeut 
(m' — m) of the anrface, when m is increased by 
h, will be generated by the arc MM'. Tlie line 
MU, tangent at M, generates the surface of a 
frustrum of a cone which has for its r 
(since P'lT = P'Q + NQ = J, + P^), 



2*(PM + P'N) M = ^{2y -i- Vk)ViF+PW. 

The line M'N generates a plane surface which is equal to the 
difference between the two circles whose radii are P'K and P'M', 
that is, 
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122 DII'EERBKTIAL CALCULUS. 

!r(i/ + Vlif - *(J/ + P/i + I'-hy = TJi\ 

exprossing by R the poljiioniial coefficient of A', after reduction. 
The Slim of tliese two siu-faces always exceeds the surface m' — u, 
thei'efore 

-^^^^ < *(22/ + Pfi)i/i"TP^+ Eft. 

TTie chord Blil' geneiates tlie fi'ustrum of a coiio wliicli is less 
than m' — w and iiiea&uied ]<y 



2^(PM +FM'} ^ = T(iJy +Vh'\- F'h')Vli'+ (Ph+ r/i'f; 

^^^-^ > rf{2y -(- Pft + P'ft^} VT+ {P + F'h)\ 

Since the second members of both the above iuoqnalities reduce 
to 2^ ^/ 1 + F* when ft = 0, we must have 



V'+S- 



tbat is, the differential of a surface of revolution is equal to the cir- 
cuiaference of a circle perpendicular to the axis, multiplied iy the 
differetidol of the are of the ffencratinff curve. If the curve re- 
volve about the axis of Y, we may determine in tko same way 



dii. = 2ir,c-\/dx^ + dy^. 



If wo suppose a par:ibola, whose eqiiatio 
volve about its axis, we shall bare 
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90. Let tke ai-ea BMP revolve about tlie axis of X ; 
generate a solid of revolution, wbiclt is a function of 
which we denote by v. If ic be increased by 
PP' := h, then the area PMM'P' will generate 
tlie increment (u' — v) of the solid. The rect- 
angle PQ will genei'at© a cylinder, which is al- 
ways less than w' — v, and which is measured 
by sry'ft. Tlie rectangle PM' will generate 
another cylinder, which is always greater than 

i by ^(1/ -^ Pft + :P'!i?fh ; hence 



-y^f 



and 



: < *(y -[- Tk + P'hy, 









that is, the differential of a solid of revolution is equal to the area 
of a circle perpendicular to ike a:ds, multiplied by the differential 
of the abscissa of the carve which generates the hounding swrftMC. 

For the sohd generated by the area included betweea the curve 
and axis of T, we may find in the same way, 

(Iv =: fofd'l/. 

If we take the particular case of the ellipsoid, the equation of 
the generating curve being 
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have 



91. Heretofore, in. our treatment of the subject, we have regard- 
ed the differential of tlie indopeudent variable merely an an arbi- 
trary constant, Art. (7), without having fixed ujion any particular 
value for it. All the demonstrations are then as true for one 
value, as for another. 

It is however of the gi-catest convenience, in the application of 
Ilia Calculus to the higher branches of Mathematics and PhyBical 
Science, to regard this difierentiaS as infinilely small ; that is, so 
small as to he contained in unity an infinite nujiiber of times ; and 
hereafter it will be so regarded. 

ITie advantages of so regarding it will appear evident after a 
few illustrations. Let na take first the simple fimctioii discussed 
in ai-ticle (7), 



After X has been lEcreased by dx, v-'e have there found 

u' — u ^ 2ax(lv -f- ado?. 

Now, if the increment {dx) of the vaiiahlo bo infinitely small, 
llie tw<i states u and u' -mh plainly be coMccntive, tlie expression 
for their difference being 
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Eut sijice dx is infinitely small, its square "will l>e infinitely small 
when compared with it : As may be sliown by taking tlic identical 
eqaation 



ffom ■which, since dx is contained aa infinite n\miber of times in 
nnity, it appears that d'^ will be contained an infinite number of 
times in da. , d^ m di}, &e. ; adi? ■will then be infinitely smaJl 
with reference to 2axdx, and may bo omitted from expression (1) 
■without materially affecting its value ; hence in this case 2axdx 
fiiay he iaienjor, or t^ the measure of, the diffm-enee u' — m. 

Tliis is true also m the general case, for all the terms of the dif- 
ference, except tlie one which we have taken for the diffei'ential, 
Tidll contain dx io a higher power than (he first [see equation (3), 
Art. C?)] ; ihey may then all he rejected, and the differential of 
the function taken, as the measure of the diferenee between two emi- 
secitlive slates of the function. 

It is plain, also, since 



du ^^ pdx, 



(Fm = f 



^u~rd.v\ &a Art. (20), 



that tJie second differential of a function is infinitely small when 
compared with tlie first, and the third when compai'ed with the 
second, and so on. It is usual to call these, infinitely small <iuan- 
tities of the first, second, and third orders ; and we see, from what 
precedes, that evm; infinitely small quantity may he omitted with- 
out error, when eontwcted fiy iJie sign ± with one of a loxeer order. 

In the application of the Calculus to curves these principles are 
of great use. Lot BMM' ho a curve ; MP, M'P', 
any two consecutive ordiuafes ; PP' =; P'P" 
_ l->"p'"j &c.^ being each equal to dx ; then 
the difference between ij and y', or y' — y = 
M'Q, is eqiisil lo cly ; nnd z' — z = JIM' = dz: 
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Or since s' - % may I'epreaeut the difference MM', M'M", 
M"M"', between any two consecutive states of tlie avc, the differ- 
ent vahiea of d% may in succession represent the infinitely small 
arcs MM', M'M", 4c. tie sum of all of which will be equal to the 
entire arc s. 

So the difference between the two areas BM'P' and BMP is 
equal to PMM'P' = ds ; and the different values of ds may in 
succession represent the infinitely small areas PMM'P', P'M'M"P", 
ifec, the sum of all of which will equal the entire area s : And in 
general, if the variable be increased by its differential, ilie cofrea- 
pondiiiff increment of Hie function may he rej^retenfed by the differ- 
ential of the function, atid ilie sum of all the differnit values of tim 
differential will equal thefmtetion itself. 

In accordance ■with the above prindples, the expressions in arb- 
clea (86), (S8), (8fi) and (80) are at once dediiced. 

1. The arc MM' is equal to a' — » = ds ; and since the limit 
of the ratio of tlie ai'C and chord is unity, they continually ap 
proHch an equality as they decrease ; and when both are infinitely 
small, the one may be taken for the other. But 



. Vmq' + M'Q' = Vdr' + dif ; 



dz =: ■yd^^^-dy^. 

And if X, y and x denote the co-ordinates of the points of a curve 
w in space, we may find in a similar way 

dm = ■^/dx'- -f- dtf- + dz'. 

2. The area PMM'P' = s' — s = ifs ; and since the limit of 
taie ratio •'^•'^^^'-^' is unity, the ai'ea PMM'P', when infinitely 
small, may be taken for the roctanirlc PQ. But 
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PQ = PM X I'V = ydx; 



3. The Burfsce generated by the arc MM' ia equal to w' — « 
du, and this will not clifier from the surface of the fnistriiTii 
by the infinitely small chord MM', which is equal to 

[2ffy + 2?r()/ + dij)] . = ff(2y + dy)ds = 2in/dz, 



■li dy may he rejected ; hence 



du =■ 2'!fydz = 2iy y'dx^ -\- Ih^. 

4. The solid generated by the area PMM'P' = v' — v = dv 
will not differ from the solid generated by the rectangle PQ wHcli 
b eijual to 



hence 



irMP X PP' =^ nfdt ; 
dv =^ <Tfdx, 

STNGTJLAIl POINTS. 



92. A singular ;pomt of a curve is one at wbicli there c 
some remarkable property, not enjoyed by the other points. 
By a general discussion of the equation 

2/ = i + c{^ - «)"■ (1), 
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we shall meet with some jiarticuliir cui'vea, on \ 
points will be found. 

1st. Let m he an entire and even number. 

By the differentiafion, &c, of (1), we have 



„.{2), 



6?y _ 



,,(™_l)c(,.-a)-L 



* tfo ' 

This value of x, wlien snhstituted in (1), (2), (3), &e., givee 
y ~ i, and reduces tlio successive differential coefficients to 0, as 
far as the with, which, if e be podtive, beoomea a positive constant, 
and is of an even order ; hance y -^ b \& & minimura ordinate, 
Art. (67). 

Since for x = a, wc havo — ^= ; tlie tangent line at the ex- 
tremity of this minimum ordinate is pai'sllel to 
the axis of X ; aud since {m and m ~ 2 feeing 
even) for all values of x except x^^ a, ij and 

-^ are positive, the curve at all of its points is 

m of X, Art. (83). 

the mth differential coefficient will he nega- 
tive ; and .-e = a and y ^b will be the co- 
ordinates of a point at which the ordinate 
is a maximum. In this case, tJie second 
differential coefficient for all values of ar, ex- 

L'o, mv\ the cuvi'c, for ail positive values of y. 



■ouvux towards the 
If c he negative 
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concitvo, and fov all negative values of y, convex, towards the axis 
of X. 

2d. LcA TO he an entire and odd number. 

When 3; = fl, the first differential coefficient as before, is eijual 
to 0, as also the second, third, &c. The mth, hoiverer, if c bepo 
siHve, is a positive constant, and of au odd order ; there is then, in 
this cfse, neither a maxiDiiun nor a minimum, Art. (CZ). 

By examining the second differential coefSdent, wo erk (siiicu 
m — 2 is odd), that for every value of k < a, 
it is negative ; that for a^ ^ a, it is ; and 
■when »! > a, it is positive ; hence for all values 
ofa;<a, which give j/ positive, the cui-ve is 
coneave towards the axis of X ; and for all 
values of a: > a it is eonves, as ia the figure. 
Therefore at the point whose co-ordinates are a: = a and y = if, 
as X increase the curve changes from being concave, and becomes 
conveK, towards the axis of X, 

If e be negative ; the reverae mil he the case, and as in the se- 
cond figure, at the point M, whose co-ordi- 
nates are K = a and y = &, there is a change 
from convexity to concavity tjivards the axis 
of X. Such point* are aingidar, and are 
called points of inflexion. In both cases the 
tangent line at the point of inflexion is paval- 
lel to the axis of X, and also cuts the eni-ve. 

Sd. Let m !>e afraetion, the numerator and denominator of which 







Then 



<..-«)^ 



5(.- af 



,y Google 



If c he positive- _Jl for all values of a: < a will be positive, aiid 
dx' 

for all values of « > a, negative ; heoce fot all 

values of a; less thau a wliicli give y ^xisitivo, 

the curve will be convex, and for all values of x 

greater tlian n it will be concave towards tbe 

axis of X, as in the figure. 

Ifehe negative; the reverse is the case, as in the second 



Tlie point JI, whose co-ordinates are x = a 
and 1/ — S, is in both cases a point of inflexion 
at ivMch the tangent line is perpendicular to 4e 
axisofX. "Whence we may say : apointofifi^ 
Jlexion is one at which, as the abscissa increases, 
a curve changes from being concave towards any 
riffhl line, not jmssinff through the point, and becomes convex, or the 

If flie nght line be taken as the axis of abaoiaBaa, this point will 
alwaj-s be characterized by a change of sign in the second differen- 
tial coefficient of the ordinate. For, since the curve on one side 
of the point is concave, and on tbe other eourex, the second (Uf- 
ferential coefEiaent in one case has a different sign from that of 
the ordinate, and in tie other the same ; hence at the point the 
sign mvsi liave changed. In order that this may be the ease, 
the second differential coefBeient must be equal to zero, or 
infinity. 

The roots of the two equations 



S=0 aM %-- 
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will theii give aE the values of tlie vaiiablo which ( 
points of inflexion. 

It sometiiKes happens that a point of inflexion lies 
of X, as in the second case above discussed when S = 
oaw a: = a gives 



aod the corresponding point M is a point of in- 
flexion, at n'hidi hoth the second diflerential 
coefficient and ordinal* change their signs. 

It is evident from the preceding discussion, 
that if aiiy light line be drawn ftrotigh a point 
of inflexion, the curve ou both sides of tlie point will eithci' he 
eonvox towards the line, or concave, 

4th. Lei in be a fraction with an even -numeralm; as =, Then 



= S+.(» 



«#, 



3 a(„^«)» 



j = s 






e being first regarded as ]x>siiive ; if s ■< a, 
and if a^ |> d, it will he positive ; hence at the point whoso co-or- 
dinates fii-e « = a and y = h, ■^- must change its sign &om 

minus to plna, which ch.inge indicates a minimum ordinate, 
Art. (66). 

If a be negative ; the reverse will be the case, there wll he a 
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chf.iige of sign from pins to miims, irnd tie oitliiiate mil be a max ' 

In tlie fii'st case, tlie second diffevontial coeffi- 
cient for all values of x ia negative, and the ordi- 
nate positive ; the curve is therefore concave to- 
wards the axis of X, as represented in fig. (o). 

In the second eaae, — ^ i? always positive. For 

all posifive values of ■// the curve will then be convex, and for all 
negative values of )/ concave, as in fig. (S). The 
tangent at the point M ia in both cases pcrpen 
dicular to the axis of X. 

The point M is singular, and is called a cusp. 
It is a point at which the curve, when interrupt- 

id in its course in one direction, turns immediately into a contrary 

5th. Zef m he a fraction with an even denominato?; as f , 

Since the denominator of the fraction indicates that the square 

cot ia to be taken, the double aign tt must be placed before 

» — o)^, and we then have 



■4(, 



Every value of ,t < « gives y iraaginary ; x = a gives y = J, 
and a; > a gives two values, one gi'cater and the other lesa than 
I). There is then no point on the left of that one whose co-ordi- 
natos ai'e ai = a and y ^= i ; but on (lie right of this point the 
curve must extend indefinitely and consist of two branches, 

,r = . gi,es ^ = 0; 

dx 

the tangent at JI is then parallel to the axis of X. 
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Each value of ce > a gives two values for — ^, 

the one positive corresponding to the greater 
value of y, and the otlier negative ; hence the 
upper hranch ia convex, and the lower concave, 
aa in the figure, and the point M is a cusp. 



93. Let us 


now taljc tlie equati 




(!/-»■') 


am ivUciIi » 


e d.(l»c« 






(fffi* 



2 3 



"When a>—0, we have y = 0, If a; he negative, y is imagina- 
ry. For every pfffiitive value of x, there are two real values of y, 
hoth of which ai-e positive as long as ,t^ > k^ or a; < 1 ; after 
wWch, one is positive and the other negative. 



When IT 



= 0, 



<'/_ 



; also wlien 



2 d- r.e« =, 0, 



hence tlie a:<is of X is tangent to the cur^'e at the origin, and 
tangent to the lower hranch, at the point whope abscissii is 
is parallel to the axis of X. 

The fii'st value of -~ belongs to tlie upper branch, and is alw 
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positive. The second value is also positive as long as 2 > f | ^ , 
or D) 'i. ^j ; after whioli it is negative. 

Tte origin ia then a cusp, at which both 

/ ^, brauches lie on the same side of the 

"^ ^"^ common tangent, and is of the second 

species, those before discussed being of 

iie /)'*( species. The point of the lower brancli whose abscissa 

s -f^^ is a point of inflexion. 



04. By differentiating the equiition 

, = S±(,,-.)l/^ 
re derive 



For every value of ^ < c, y is imaginajy. 
For a; = c, y ■= li, and — 



For evei-y value of a: > r, there aie two real values of y. 

For w = a, « = h, and '^ = ± Va^^' 

<ix ' 

and at tlio corresponding point M there are two tangenta, one 

making an angle, the tangent of 

^ — "^Vju/^ which is 4- V" — c, and the 

^l ^XrV ^^''^' "" Va — c. The point M 

I ' I ^ ^ singular, and belong to a class 

"^ called mv.Uiple points, or points at 

which two or more branches of a curve intersect. If but two 
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intei'sect, tlio point is a double multiple point ; i£ tliroe, a triple , 
and so on. Since tliei'e wOl be a separata tangent to each branch, 
at one of these points, it wiU be characterised by two oi' more 
Tallies of the fli'st differential coefficient, for the same values of 
the variables. 



11 the equation 



.x/2 



<^» ^Vaix — b) 

Since X = gives y = 0, the origin A is a point of tlie 
All negative values of x mahe y jmaginaiy, as also ail p 
valn^ less than 5 ; henc« A has no consecu- 
tive point. Such points, given by the equa- 
tion of a curve, but taring no consecutive 
points on either side, ai'e singular, and ai'e 
called isolated or conjxtffale points. At these 
points it is plain that no tangent can be drawn, 
and that therefore the evrresponding value of 
ike first differenlAal coefficient must he imaginary ; i 
example, a; = gives 



dx -y/ _ 



96. We will close this branch of the subject by a discussion, ol" 
the equation 
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Each of tlie values, « = 0, a; = &, a: = — c, gives i/ = 0. 

Every negative value of « > c gives y imaginaiy ; while every 
such value less than c gives two equal values of y with contrary 
signs : Every positive value of a; < 6 gives y imi^iiiary, and every 
such value greater than 6, gives two equal values of y with con- 
trary signs. The curve is then symmetrical lyith reference to tlie 
axis of X, 

Each of the vahics, x ^= d, a: = i, a; = — c, reduces -^ to co ; 

hence at the three corresponding points tlio tangent is perpendic- 
ular to the axis of X. 
By solving the equation 



' -. 2.(i - 




we shall find two teal values for x, 
and thiis determine the points at which 
the tangent is parallel to the axis of 
X. The curve may then be drawn 
as in the figure, in which AC = — c 
and A13 = h. 



= 0, the equation hecor 









and the oval AC reduces to the conjugate point A, i 
if 5 = 0, the equation becomes 
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nnd the curve takes tlio foi-m indicated in figure i 

(i), the origin being a double multiple point, since I 



-i becomes equal to ± \/-. 



If h and c are liofli equal to 0, tlie equation bccoiuer. 

a;f — It' = ; ivlienco y = ± v/- , 

and the ciu-ve will ho aa in figure (c), the point A being a cusp ol' 
the firet apeciea. 



OSCULATORY CURVES AND CURVATURE. 

97. It is now proposed to examine the tendency which curves, 
with a common point, have to coiacide wth each other in the -n- 
cinity of thia point ; and also the use which may bo made of this 
property of curves. 

Let there he the three curves BB', 
CC',DD', having the point M common; 
the co-ordinates of the first curve being I ^ 
represented by «: and y, those of the 
second by a^ and y', and those of the v — 
third by ic" and y". 

Since the point M is common, for this we ha 




AP = 



i the abscissa AP to h 
shall then have 



PM = 5/ = j' ^ y". 
nci'oa'"'cd by the variable S., v 



P.M. =/(.. + *) = , + I* + g^ + g^+*c. 



, Google 



r'M" „/' (y + i) = J' + i^-i +?^^+^J^-v 4e 
(is' dx" 1.2 ds:" l,2,;i 

ill ivhidi 

^ ^ ^ &G 

rfa it^ d'j? 

represent, what flie first, second, &c., diiferential coefficients, ob- 
tained t\oia the (liiforential equations of the first curve, become by 
tlie substitution of the eo-ordinatea of the coimnoa point. 



dy' dY 



, &o., are corresponding values for the second curvf 
-, &c for the third. 



By subtracting the second aad third equations, each, member 
by member, from tke first, and making 



dx dj:" 



d'y_^ 



Now, if h he made infinitely small, the points M', M", M'", ivill 
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become consecutive with tlio iwiat M, and it is plain that the se- 
cond curve will approach neater to a coincidence with the first, 
than the third does, if M'M" is nuiaerically less than M'M'", 
that ia, if 



This condition will necessarily be fulfilled if A is cijiial to 0, and 
B is ]iot, as we stall have, after omitting the factor h, 



a true inequality when A is inJinitely small, as tlien the whole of 
the first member will be less than the finite qiiaufity B. 

But A = gras *=^. 

that IS the first and second eurvKi have a common tangent, or are 
t mgcnt to each otlicr at the common point 

If 4. =: and B = 0, the tliree curves have a common 
liiigt.nt ind in order that M'M" < M'M'", we must have 

A'i! + A"-i^ + &c. < B'-^ + B"-^ + &G., 
1.2 1.2.8 1.2 1.2.3 ^ 

which, it is proiftd as before, will necessaiily be the case if A' ;= 
and B' is not, Wo have thus in addition the condition 



if in addition tu tlic other conditions we have 
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A" — o ^^y — ^^^' ■ 

dv" " fie'* ' 

and in general tlie second curve will kave a greater tendency than 
the third to coincide ivitli the fii'st, if the first and second havo 
more equal succe^ive differential coefficisnts of tlie ordinate at the 
common point, than the fii'at and third. 

Two cm'ves which have a common point, and the first UifFereii- 
tial coefficients of the ordinate taken at this point equal to each 
other, are said to havo a contact of the first order, or are simply 
tangent to each other. 

If the first and second differential coeffidenta of the, ordinate ta- 
ken at this point are equal to each other respectively, tJie contact 
ia of the second order. 

And, in general, if the first ni differential coefficients of the or- 
dinate taken at this point are equal respectively, the contact is of 
the mth order. 

To illustrate, take the two equations 

f = iic (1), y-^+1 (3). 

By comhining thcin ivo find a common point, the co-ovdiimti;s 
of which are 



By difl'erentiatioii, 


we find fiom (1), 


i, 2 


.(3); whence 


id from (2), 




1- 


.{4); 


Differentiating agi 


iii), wo liavo fiom 
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;m(l from ('!), 

— i = ; wlionee — - -^ = ; 

The two lines haying a point in common, and the first difleren- 
lial coefficients of the ordinate equal at tliis point, have a contact 
of the first order. Since the second differential coefficients are not 
equal, the order of contact is no higher than tlie first. 



98. The constants which enter into the equation of a cm'vo de- 
termine its extent and position with respect to tie co-ordinate 
;ises. If then one curve he given completely, and another in kind 
only, by its general equation, the constants in this equation being 
arbitrary, we can evidently assign such values to them as shall 
cause the curve to fulfil as many conditions as its equation contains 
coffiitants ; that is, we may make the co-ordinates of one point of 
the second craTO equal to those of a given point of the first ; and, 
in addition, as many differential coefficients of the ordinate taken 
at this point, for the second curve, equal to the corresponding ones 
of tile firsts as there are constants to bo disposed of, less one ; thus 
^(■ing to the second curve an order of contact at a given point of 
the first, denoted hij fke number ofeonstants lesa one. 

To ascertain the values which must be assigned to the arhitraiy 
constaaits : Obtain firet, the value of the ordinate from the equation 
of the second curve, (the abscissa being assumed equal to the ab- 
scissa of the given point,) and place it equal to the ordinate of the 
given point ; or what amounts to the same thing, substitute the co- 
ordinates of the given point in the equation of the second curve ; ob- 
tain then the first differential coefficients of the ordinate by differen- 
tiatingthe equation ofeach curve, snbstituteintiiese the co-ordinates 
of the given point, and place the residts equal ; do the same with 
e differential coeflidonte, until as many equations are 
s there are arbitrary constants. 7'y the solution of these 
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cqualjoiis we o;ui find tliose values of tliu o st, nta 1 li U 
causa the conditions to l>e fulfilled. Tlieae, nbst tuted la th 
equation of the second cune, will give an eijuition whidi v II re 
pi'eBent tlie pai'tieular curve having the requ red oi lei ot ont et 

The curve, which at a given point of a given cui-ve has a higher 
order of contact than any other of tlie same kind, is called an os- 
cuUttrix, Thiis, an osculatortf circle is one which has a higher or- 
der of contact than any other circle. 

Since no more conditions can be assigned than there ai'e con- 
stants; tlte highest order of contact which can be given to a curve, 
ia denoted hy the number of constants leas one, which enter its mbsl 
general equation. 

Let tL^e principles be applied : 

Ist. To find the equation of an osculatory right line. 

Lot tlie equation of the giveu curve bo 

'J =/w, 

and the co-ordinates of the given point, x" and y". For this 
point, we have 

Tlie most general equation of the right line is 

!/ = ««^ + > (1), 

tontmmng but two arbitrary constants. Tlio first condition to be 
fulfilled IS, til it the value of y deduced from this equation, when 
^ ■= x", shall be equal to y", that is 

r = <^^"^b (2). 

The first differential coefficient of the ordinate derived from the 
equation of the gii'en curve is -?, «hich for the given point be- 
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comes -ji-. Tlie first differential coefficient derived froi 
tdon (1) is -ji = a ; hence the Becond condition is 



By tl'.e solution of eqimtions (2) and (3), we find 

dy" J ,, dy" „ 

dx" d»" 

These values m (1), give the equation 

„ dy" „ ,, d,v" , „■, 

' + y"-lu''"' «'■ 'J-y =£T(^-''^■ 



dx"^' 



This, as it should he, is tie same ec[iwtion as thai, deduced in 
Art. (7a). 

2d. To find the equation of the osculatoiy circle at any point 
of the curve whose eqiiatioa is y ^Jlpi). 

Denote the g^ven point, or point of osoulaiimi, by x" and y". 

llio most general equation of the circle is 

(..■-.)'+(!/-»■ = «■ (1), 

contiuniug three arbitrary constants. A contact of the second or- 
der may therefore he given to tlie circle. 

By differentiating the equation y =f{x), and substituting x" 
and y" in tiie fli'st and second differential coefficients, we obtain 

dy" J d^y" 

dn;" dx"'^ 

Differentiating equation (l) twice, ive Iiavo 

(.T - a)d:c +{y — ISy/y = ; whence ^ = - ^■~-y 
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ch^ + df + {y — f!)dhj =: 



j^siimed equal to x",) 



EliENTIAI. CALCULUS. 


==: ; lyheiiK) 


i-, 1 + e 


t the circle be an 


osctdatik aro, (s teing 


,hj dr 
■fa i" 


rfrt'^ die"' 



Wc shall tlien liavo foi' tlie tlii-ee ec[iiatio!ia of condition, 
(,,,"-«)■ + (!,"-«■=» (2), 



By tlio sohition of tliese, wo can fintl the values of E, « and /3, 
whidi sufetituted in (1) will giye tlie equation of tie oscillatory 
eivcle. 

To iliuatrate, let us seek tlie equation of tlie circle oscillatory to 
tlic parabola ivliose equation is 



iit tlie point wliose co-ordin.ites are x" = 1, y" = 2. 

Uiflerentiating the given equation twice, and substituting the 
oi-dinates 1 and 2, we find 

_i = — ; whence -f — := 1 ; 

(U y ax" 

d'y i . n d^y" __ 1 
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DlPPEHliiNTIAL CALCULUS. 



Tliese \'aliies, witli the co-ordinates of tie given point, placed ii 
the eijuations of condition, give 







(1 - 


.)" + (2 - 


^f = E= 






' = -1 


in? 




„ 1 _ 

2 


3 

2-/3 


whence 














.^ 


5 


/3 = -2 


K = 


VH2, 


ana the 


equation 


lottlie 


osciilatoiy cii 


■cle ^vi}l then ha 






(»- 


■5y + ijj + 


2)^ = 32, 





99, Since in ilio Uiree equations of condition jnst considered, x" 
and j;" may, in pucceaaion, he made to lepresent every point of 
the given curve, we may omit the daslics and wnte tho eqiiations 
thiia 

(.-.)■ +(y-ffl- = I!' (1), 

"-• = - s*'--^) W' 

^-^"""^ Wi 

in whicli it muat he recollected, s and ^ are the co-oi-dinatea of 
the point of osculaidon, a and the eo-ordinatoa of the centre of 
the oaculatory drde, and K its radius. 

Siibsiituting in (1) the value of x — a, and leduoing, \re ob- 
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ivhence, by the substitution of tlio value of y — fi, 



{dr? H- dy"-)' 
dxd'jj 



vliicli is a gciiGv.il value fov tlio riidiiis of tlio osonlatory circle. 
If K denote tlie ai'c of tte given curve, tlicn 



rf*= ■Vdx' + df Art.() 

lienee the ahoi'e expression foi' 11 becoiues 



100. If ip denote the angle made by Uio radius of the oseula- 
toiy circle drawn to tlie point of osculation, ivith ft fixed line as 
OP, M and M' two consecutive points, and MC and M'C the 
con'osponding radii intersecting at C, then 

MC = E, MM' = dx, nn' = d? Art. (91). 

Since MCM' may be regarded as a, triangle 
''^■~ ~~~ ° right-angled at M, we have 

MM' = MC tang MOM', 

and since MCM' is infinitely small, the are whicli niei^ures it may 
be tiikon for its tangent ; lience 
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101 Tbp til i \niiie fRinarfide (99) has been deduced under 
tlie su])}03ition tLat j: is tJie independent variable. It is some- 
timea dLSiiablH to change tHa ijidepeEdeiit variable, during the 
discussion of eipresaiona of this kind, and to regard y or some other 
vinable quantity in the eipression as the independent one. A 
inoH ^enenl txpression forU umyba obtained without thepai'- 

f ii,iil u =u] 1 osition leferred to, if we recollect that — has been Ao- 
dx 

due d h) the diferentiition jf -^, regarding d{dx) ~. 0. 

It we diflerentnte this expression on the supposition that both 
rfy and dx are vanable we have 



i^^ 



ivliieh must take the place of — ^ 

dxtPy we iiiiipt |) 

'riie value of S thus become' 



^"^ ^ rfatfy - chjd'x " dxd'y - dyd'x ^ '' 

If in this, d» be regarded as constant, we shall have tlie value of 
E, as in article {^^). 

If dij be constant, or y regarded as the independent variable, 



d,y^x dyd'x 

Hi, be regarded as tbu independent variable, ffe will bo constant, 
md d{dz^) — 0; ■ivheneo 
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[, CALCULUS, 

dxiPx + dydhj = 0. 

Adding tha squai'o of tliis, to tha doiiomiiiator of the value of Ji' 
taken from (I), we bava 



it= ± — ,- . • 

■Vidhjf + (tf'*)' 

102. Siuco tlie curve and oscillatory dvcle at a given point liavo 
a tangent in eommoQ, tJiey must also have the sajne normal; hut 
the nomial to the drde passes through ifa centre, the normal to 
the curve must then pass through this centre ; or the radius of the 
osculatorij circle, dratim to the point of osculation, is normal to the 



103. J.ct BB' ho any curve, and 00 an arc of the oseulatory 

circle. Then since J; = -i- and --i = -^4- 
dx dx' (tjr dx' 

we shall have, Art. (97), 

M'M" = A"~ + A'"— ^ + &c (I). 



Kl 



When /( is infinitely small, the sign of M'M" will dapend iipon 
tliat of the first tei'm of the series, which will have the same sign 
as A" when h is positive, and a contraiy one when ft is negative ; 
that is, M'M" and m'm'' have contrary signs. If then M" is below 
tha curve BB', m" will be above it, and the reverse ; and the circle 
00 muit intersect the curve at M. 

It may be shown in the same way, that any osculatrix of an 
ev&ii or(kr intei-seels the curve ; while orie of an uneven order does 
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nol . As, whtn tliG order of contact is even, tlie first term of {] ) 
niil contain k with an odd exponent, and mil therefore cli.inge its 
sign wlien k becomes — A. This will not be the case when the 
power of h in tlie fii'st teim of (1) is denoted by an even number, 
Tlie osculatory circle, howevei', does not intereoct at those pomta 
about which the curve is symmetrical with ite normal. For, ordi- 
nates being drawn from tlie points of both, pei'pendieular to the 
coHunoii normal, if the ordinate of the curve on one side is greater 
than tbe corresponding ordinate of the circle, it will be so on the 
other side ; as may be seen in the figure, 
in which, if pra > jjo, tlien j>»' >■ po' ; ^■-—-^'t-^-^-.n 

or if jm < po, then pi' < po' ', hence, -■""'"/ 
in this ease, in the vicinity of the point M, / 

the circle lies entirely within or entirely \ 

■without the curve. In these cases it will 
be found that the order of contact of the 
circle ia odd, and higher thaa the second, for imlosa A" ^=- 0, the 
circle must intersect, as shown by the preceding demonstration. 

Since the oscillatory drcle has a more intimate contact with, a 
c\u;ve at a given point than any other circle, it will necessarily se- 
parate those circles which, are tangent witlLont tho curve from tliosc 
which are tangent within. 



104. The curvature of a curve at a given point is its tendency 
depart from its tangent at tliat point. TLua, of the 
two curves AC and AB, having the common tan- 
gent AD, the former has a greater tendency to de- 
part from the tangent, and has the greatest curva- 
ture. 

The curvature of the circumference of a circle, is evidently the 
same at all of its points, but of two different cireumfereuces, tliat 
one curves the most which has the leaiit radius; :m in the iiguio, 
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t!ia teiidenty of (ibd to depait fiom tlie taa- 
gont is gi'eater than that of ab'd\ and this 
tendency plainly iiiereases as the radius de- 
creases, and the reverse ; tliat is, the curva- 
tare in two different circles varies inversely 
Its Iheir radii. 



TMs being the ci 



!,the 



expression 



y be taken as the 



sTii-e of the curvature of a circle whose radius is R. 

Since the contact of the osoulatoiy circle with a curve is so in- 
timate, i(s curvature may he taken for the cuiTature of the curve 
at tie point of osculation ; and the two in the immediate vicinity 
of this point, may be regarded aa one and the same curve ; hence, 
to compare tJie curvatures at dif- 
''iT^'^ ^^^1;:^=.!/ ferent points of a curve, we have 

\>" \ / 1,^ Vs only to compai'e tlie curvatures of 
the osculatory circles drawn at these 
points. Thus in the curve MM', 




■eani : 



lOo. The radius of the osculatory circle at a given point of a 
curve is called the Radius of Cui-vature, at that point. The gene- 
ral value of this radius is given in ai'tide (90), and it may he 
found for any pai'ticular curve, by differentiating the equation of 
the curve, and anbstitnting the derived values of dy and d-i/ in the 
formula. 



If the vahie at any particular point of the curve be required 
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foi' X and yiii the value juat deduced, substitute the co-ordiiiatcs 
of the particulai' iwint. 

As only tie absolute length of tlie radius of curvature is re- 
quired ill deteiTttining the ourrature of curves, we may tise eithev 
the plus or minus sign of the formula. It is beat, in general, to 
use that which, taken with the sign resiilting from the expression, 
will make E esaentially poaitive. 

Let it now be required to find the general expression for the ra- 
dius of curvature of Conic Sections. 

Their equatiou is 

a^ = rar + nsr ■ w lieiice a// = -^— _i — , 

'iy 

(h^- + ibf = W + <'" + ^" :^!1'^, 
4y= 



d-y 



2ni/dx' — {m + 2nx)dx(ly _ [An-tf — [m -\- 2rvcf\dx^ 



2,f ^f 

These values substituted in the formula, give 



and this, after dividing both terms of the fraction by 8, may be 
put under the form 



the numerator of wHoh is the cube of the normal, Art. (82) : 
Hence the radina of curvature at any point of a conic section, is 
the eahe of the normal divided hj the square of half the para- 
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meifi\ and tlio radii at (lifferent points are to each, other as tlie 
cubes of tlie coi'i-eaponding normak. 

If in (1) ivo make a: = 0, we have, at the principal vei'tex, 



which for tho ellipse and hyperbola is ---. 

The radius of eiu'vature at the vei'tex of the conjugate i 
the ellipse is obtained by substitutiug in (1), 



R ^ — - = one lialf the paramoteT of the conjugate axis. 

Tt may be readily slioivii that — is the least value which K ad- 
mits of; therefore the cuiTature at the principal vortex of a eo- 
iiio section is greater than at any other point. Likewise, -^ is 

the greatest value of E in the ellipe ; hence the curvature of the 
elhpe IS least, at the vertex of the conjugate asis. The cnrva- 
tui'Q of the other tivo curves diminishes as we recede from the 
vertex. 

For tie pai-abola k = ; wo then liavo 
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EVOLUTES. 

106. K at the difierent points of a 
circles bo drawn, and a second curve 
traced through tlieir centres, the latter 
is called the Evolute of the former, 
which is t}ie Involute. Thus CO'" h. 
tlie miohite of the involute MM'", 
Points of the evolute may always be 
coiiBtnicted by di'awing noi-mals at the 
different points of the invohite, and on 
each of iJiese normals laying off the 
corresponding value of It, deduced as in i 



I curve oscillatory 




I07. If a and ^, the co-ordinates of the centre of the osculatoiy 
circle, be regarded as vai'iables, they will determine all the points 
of the evolute ; but a, ^, and JR, are functions of .-c and y, tho co- 
ordinates of the points of osculation ; and iha relafion between 
these five variables is expressed by the three eq^uationa of Art. (99), 
which may be writtca thiis, 

(«-a)- + (,-ffi' = K- (1), 

{i - .jii- + (J - /3)<iy = (2), 

(j - PKj + if + <i»- = (3). 



H- 



e diiferentiate (]) and (2), regaTdicg all tlio quantitips, i 
T^ as variables, we obtain 



eept a 

(i - «)i. + {V ~ /3)% -{•=- «)i« - b - fW = MR. 
i^ + dif -'r iTi - /3}(fi/ — dxdu. ~ dyd^ — 0, 
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and the^c, by means of e(iua,tioiis (2) and [3), xeQ reduced to 

- {X ~ o)do. -{y~ (3)d^ = ErfR (i), 

— dxda- dydj3 = (5). 

Equation (5) give;; 



:!x_SS 



e tiiiigi'iit of tlio .ingle wliicli & norma! to the iiivoluli; 



,, ^ : 



Si 

at tha point (r, y) makes ivith the asla of X, Art. (81), aJid ^ 

the tangent of the angle wliicli a tangent to the evolute at the 
point (a, ,3} reahss mth the s;iine axis ; hence these angles are 
equal. But tlie normal a,t the point [p, y) passes through tho 
p.-'iiit (a. /3), Ai-t(102); therefore the norma] and taugent foim 
one and the same line ; that is, the radiiis of eurvattire is Ttormal 
to the invohiie, and tangent to ike evolute. 

The evolute may therefore be consti'ueted, hy draiving a curve 
tmigentto the normals at the diffeient points of the involute 

From what precedes it la pWn thit the e\oluta miy be re- 
garded as formed by the mti.i'^ectiona of the conseeutue normals 
to the involute and th it the point of inteiaection oi dny tno con- 
secutive noimals may bu taken is the centre of the o^ouUtoiy 
circle wlinJi posses thiough the tivo consecutive pomtc of the 
n lutp it vvLiJ. tl njuiiJ^ii In u 



10** L^uili u (o) of the preceding article, combined with (2), 
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Substituting this value in (1), we have, after reduction, 

to_ffl.&i+«=E- p). 

SubsUtuting the same value in (4), reducing and squai'iiig both 
metnbei's, we obtain 

Dividing this by (7), member by member, aud tailing the root, 



But if K represent the arc of the evolute, wo ba\ 



dz = Vda^ + d^^ Alt. (86); 

bcnce 

dU ~ dx, dR — rfs = 0, d{B,— z)= 0; 

whence R — z must be a conat^mt, Art, (14), oi' 
R = a + c. 



100. If any two radii of curs'aturc be drawn, as one at M and 
the other at M' ; tke firet being denoted by It, the second by E', 
and the corresjjonding arcs BC and BC by s 
and «', we have 



R = ? + c R' = s 



\ 
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156 DirFEBBNTUI. CALCULUS. 

tliat is, Hie difference behveen any two radii of curvature is equal to 
the arc of the evolKte interested hetieeen tltern. 

H in tlie equatiou R =^ s + c, we make s = 0, and denote by 
r, the corresponding value of E, we slaall liave 



that if 
■which 




always equal to the radius of curFaturo 
through the point of the evolute, from which its ai'c 



If we estimate the evolute of the ellipse 
from the point C, we tavo 



..Art. (105). 



I£ the evolute and one point of the involute he given, and a 
tiread be wound upon the evolute and drawn, tight, passing 
through the given point M, fig. (a) ; when the thread ia unwound 
or evolved, the point of a pencil first placed at M, will describe the 
involate; for, by the nature of the operation, OC is always equal 
toM'C -MC. 



HO. Th<: equation of the evolute of any curve may bo found 
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thus : Differentiate the equation of the invohite twice ; deduce the 
expressions for dy and il?y, and aiibatitute in the equations 

'-^=-'^" m] 

y Art. (00); 



comhino the results, which will contain the fonr variables a, ,3, x, 
and y, with the equation of the involute, and eliminate a and y; 
the final equation will contain only «, j3, and constants, and will 
tlierefore be the required equation. 

As an example ; let it he required to find the equation of the 
evolnte of the common parabola- 

The equation of tbo involute is 

y^ ^ Ipx ; ivhenee -^= £-• 

dx y 

SulDstituting these values in (1) and (2), and reducing, we Lave 
y - /3 = i^ H- 2/ ; whence — ^ = -^ (3) ; 

— f-" w^ 

and putting for y, in (3) and (4), its value V^^— {^prx'', we 
have 
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The value of a: z=. ~{a — p) taken fi'oin the last equation, 
tnd substituted in the preceding, gives 






-tY. 



i the required ec[uatioii. 

make jS = 0, we have « = ^, i^id. laying off 
AC = p, ' will be the point at which the 
evoliite meets the axis of X. If we trans- 
feu the orig^in of co-ordinates to this point, wo 




21p 

Since every yaluo of a' gives two values of /3', equal with con- 
trary signs, the curve is symmetrical witJi the axis of X. If a' 
be negative, jS' is imaginary, and the curve does not extend 
to the left of 0. The branch CC belongs to AM, and CG" to 
AM'. 



111. The most general division of curves is into the classes, 
Algebraic and Tranaeendental, 

"Wien the relation between the ordinate and absrassa of a carve 
can be expressed entirely in algebraic terms [see Ai-t. (6)], it be- 
longs to the first class ; and when such relation can not be ex- 
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pressed without the aid of tranacon dental quantities, it belongs to 
tlie second class. 



112, One of tlie most important of tLe latter class is 



so named., because it may always be referred to a set of co-ordinate 
axes, such tliat one co-ordinate will be tliu logaiittm of tlie otber. 
Ita eq^uation is usually written 

y = log X, 
01', if a be tJie base of the cj-stem of logaritliras, 



The curve is given wlieii a is known, and 
may he constructed by Saying off on th« axia 
of X the different niimbera, and oh the cor- 
responding perpendiculars, the logaritiins of 
these numhere : Or it may te constracted 
irom ^Q equation x ^ a", by making y = i, 
f , J, &e. ; Tvhence the corresponding vclue-i 
of X are 



• v^, 



= -Va, 




Wlien 1/ = 0, x= \. This being tho case for all systems 
of logaritlinis, shows that all logarithraio curves, when referred to 
tlie same axes, cut the axis of S, or oms of numbers, at a distance 
&om the origin equal to unity. 

If a > l,and a: > 1, y is positive and increases as x increases ; 
if a: < X, y is negative and increases numerically as x decreases 
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imti! X ~ 0, when y=—w. If « be negative, there will bi3 ii 
eon'esponUing value of y. The curve will then be of the form in 
dicatsd by the fiJl hue in the figure. 

If a < 1 , the reverse ■will he the case, and the curve will bo r( 
prcsenteil by the dotted line. 



113. If now wo differentiate the equation y = I 
the modulus, we deduce 



Wl,e,> . = *=H„„; 

dx 

hence the t;iiigent at the covre^pondiug point is the axis of Y ; and 
since for « = 0, y = — ro , this tangent is an asymptote. 



But K = ro gives y = CO ; hence there is no tan| 
the axis of X, at a finite distance from it. 
The value for the subtangent on the axis of X i; 



ff tbe subtangent be taken on the axis of Y, ivc have 

that is, Ihe subla.ni/ent on the axis of hgmithms is constant, and 
equal to tlie modulus of the system in wMcb. the logarlthrns arc 
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SS' = 1= AB. 



161 



If M = 1, 

Since, wlien a^- 1, —i- is negiitive for alt yaluoa of .r, tlie paj't 
BM is concave towards the axis of S, and BM' conTCx. 

When a < 1, M ia negative, -^ will he positive, the part Bmi' 
convex and B;» concave. 



114. Another reniackahle transcendental curve Js, 

THE CYCLOID, 

which is generated hy a point in the circumference of a circle, 
when the circle is rolled in the same plane, along a given str^ght 
line. 

Let AB he the given line, and suppose the circle to have heen 
placed upon it, so that the genei'ating point was at A, and then to 
have been rolled to the position EME. 

'riic generating point now at M, has giineratod the are AM, 




Take the origin of co-ordinates at A, and let AP = at, PI 
md liE, the diameter of the generating circle = 2r ; then 



AP = AE -- PR... 



But since every point of the dreiimference from M to E, ; 
circle was rolled, came in contact with AE, we have 
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Also, 

PE = MN = VeN' X^NE = Vyi'^r~^) = v'2?^l/"^. 

SubstitulJng tlie values of AV, AS and VR in (1), we Kave 

X = ver-Bin-y - V'^ri/ - f (2), 

wliich js tLe equation of the Cjcloid 

After the circle has been rolled over once, every point of the 
dreumfoi'ence will have been in contact witJi AB, and the genera- 
ting point will have aiidved at B ; we have then 

AE — circumfrrcnce of t/eneiuiint/ circle = Swr. 

'fhe given line is called the hasc of the Cj-cloid, BJid tlio line 
CD = 2r perpendicular f« AB at its middle point, is the axis. 

If the rolling of the drcle be continued beyond tlie point B, an 
infinite number of arcs, each equal to ADB, will be generated. 

Every negative value of y in equation (2) makes x imaginaiy ; 
hence there is no point of the curve below the axis of X, 

ij = 2r, gives x: = ver-Sin~'2?- = ^r = AC. 

Every value of y > 2r makes x imaginavy ; hence the great- 
est ordinate of the curve is equal to the diameter of the genera- 
ting circle. 

By differentiating (2) wo Iiave, Art. (12), 





dx = 


rdy 


rdy — ydy _ 




VSf-y - f 


"V2ry - t 


roduciJig 










dx~ 


yd'j 


{'3), 
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which is tlie diffurential ec[iialioii of the Cycloid. 



115. Suljstituting tiie preceding value of dx in \h.a formulas of 
article (82), and reducing, we have 



Subtangent, FT ^ ^- ^-l- 
y%ry - 



Tangent, MT ^ 



\f^ry — if 
Suhnoi-mal, PIl = V'^nj — y'. 
N'ormal, Mli = V'J.ry . 



Since the subnormal PR = ^/'iry ~ y' = MKf the ( 
EB, and normal MR intersect the base at the same point. Heuco, 
to construct tlie normal at a given point, join it ■with, the point 
at which the corresponding position of the generating circle is 
tangent to tlie baae : Or, upon the greatest ordinate CD as a 
diameter, desciibe a cirde, and, through the ^ven point M, draw 
a line parallel to the base, from the point F in which it cuts the 
circle, draw the two chords CF and DF to the extremities of the 
diameter ; a line through the given point parallel to CF will be 
the normal, and one pai'allel to DF the tangent. 

If it be required to draw a tangent pai'allel to a given line as 
T'T" ; draw the chord DF parallel to the given line, fi'om F draw 
FM parallel to tbe base ; the point M is tlic point of contact, 
through which draw a line parallel to T'T". 

IIG. From equation (ii), article (114), we have 
dn _ \^2ry - 
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wMch becomes wlieii y — 2r, Mid co ivliea y = ; tence at 
the estremity of tlie greatest ordinate, the tangent is parallel to 
the base ; and at the points A, B, &c., witere the carve meets the 
hase, it is pei-pendieular. 

If ive square hoth memheis of er[uation (l), we hare 

^ = 5r _ 1. 

(for^ y 

Diiferentialiiig both membei's of this, we have 

Idydhj _ Irdy _ "^V _ ^ 

dx' y' dx' ')/ 

This second differential eoefEdent being negative for all valiics 
of y, the curve is concave towards the axis of X, Ai't. (83). 



117. Substituting the values tiidy iindrf'y in the expression 



dxd'y 



/'2rydx''y 

("/■■■ 1 fl ! , 

E = \^^^ / = 3^rV = 'iV2ry; 



or since Vi^ry ia the expression for the normaJ, Art. (llS), Ihe 
Madiua of Curvature is equal to twice the normal at t/iepoint of 
osculation. 

If 7/ ^ 0, R = ; and if p =^ 2r, R = ir ; 

hanta the radius of cuvv;rture at A, (see figure in nest article) 
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is equal to 0; aEd at D is 4r; therefore, AH. (10&), the i 
AA' = 4r. 



118, To obtain the equation of the evohite let ua substitute the 
values oi dy sad ify in equations (I) and (2) of article (110), 
After recluotdoii, we fiud 






vihiiiim 



y ^ ~ ,3, X = a ~ 2,V - 2r^ — fi\ 

These values, in the equation of the involute, Art. (114), give 

K = ver-sin-' - ^ H- V ~~ 2r(S ~~J\.....{l), 

for the required equation. 

If we produce DC to A' making QA.' = DC, and then tvansfvr 
the origin to A', the new axes being -— "t^---^ 

A'X' and A'D, and tlie new co-ordi- y^ ^\ 

nates a' and ^', we shall have for /f\ ^^ \ \ 

any point, as M', 



AG = 

A'p'' --^ 

Since AC ^ 



CM' = - /5, 
D'M' ^ /3'. 
r, and OG = A'P', 



GM' ^2r ~ /3', or - /3 ::3. %r - ^ 
Substituting those value? in (1), we have 
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'-'{9.r - /3') + -i/2r/3' - ^" 



But tfr — 
eijuation 



,_,i„-(2, -^')--/2.-i3'-r; 



""',3' ; tence the last 



■wliioh is the equation of the evolnte referred to the n 



that is 



axes, and 
the equa- 



ls of the same form, and contains the 

tion of the involute, therefore the two curves are equal. 

Since arc AA' = 4r, its equal AD = 4r, and ADB = 4, 
3, eqtial to four thnes ike diainoter of tlm generating circle. 



119. If a right line he revolved iiniforiQly, in the same plane, 
ahout one of its points ; a second point of the lino continually ap- 
poaching, or receding from tlie fixed point, in accordance with 
some ptescrihed laiv, will generate a curve called a spiral. 

Tlio fixed point is called the pole or eye of the spiral. The por- 



tion of the spii'al 




while tlie hnp miliPs one revolution jh 
called a 'ipiie and amc^ there is no limit 
to the 1 unibu of re^ olutiona the numher 
of spues IS infinite m\ any sti sight line 
drawn through the pole of the spiral will 
intersect it m an infinite nnmher of pomts. 
The system of polar co-ordinates being 
used to deteiToine the different points of a 
spii'a], its equation will, in general, be of the 
form 
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which u denotes ti 



s vector, aiicl t the v 



120. Before diaciissing the particular spirals, it ■will he necesssay 
to determine general esprcasions for the subtangeiit, &a^ and the 
differentials of the arc and area, in tenm of polar co-ordinates. 

Tlie Bubtangent, in snch case, is the part of the perpendicular ta 
the radius vector of tie point of contact, intercepted between the 
pole and tlie point n'here the tangent meets this perpeudicular. 
Thus, if A he tJie pole, and MT the tangent, AT perpendicular to 
AM is the suhtangent. To find the ex- 
pression for it ; let the ai'C ( receive the 
increment PP', (AP being = 1) ; de- 
aeribe MC ■with the radius AM = m ; 
draw the chords MC and MM', and the 
line AT' parallel to MC, and produce 
MM' to T'. From the similar triangles 
MM'O imd MAT', we have 




M'C : ilC : : M'A : T'A ; 



T'A = ^' 



MC X M'A 



,(i). 



Also fi'om tie similar sectors APP' and AMC, 

1 : W :: AM : arcMC; uroMG = AM X PP'. 

Now suppose the iucrement PP' = dl, then M'O =; tlu. 
All. (91), M' becomes consecutive with M, the secant M'T' 
coincides ^yith the tangent MT, T'A = AT, AM' = AM = ■u 
and etord MC = arc MC = iidi. 

Makiug tlie^ substitutions in (I), we have 



AT = s-ahianr/cnt 



u^dt 



..-{2). 
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108 DirFEHENTIAL CAICULUS. 

Pl'ora tliia we deduce 

AT AT vdt , , ,,„ 

— =: = ~ = t.ing AMT. 

M AM rfa ^ 

Tlio similar triangles AMT and AMR, give 



When M' is consecutive with M, MJf'C may be regarded as a 
triangle, riglitrangled at ; lience 

MM' ^ VWc' + mf . 

But MM' is tte differential of tliu arc ; therefore 



dz = Vdu' + u'dfi, 

Ji ADM be any segment, AMM' mil bo its increment when 
! is iuweased by dt. Galling the segment *, AMM' will tliea be 
ds, and may ba measured by tL.e sectar AMO, But the area of 
the sector 



AMO ^ -iAM X areSlG, 



u'dl. 



It siiould bo observed, that all of tliese expreasious may be 
found prceiscly S3 ia tlie corresponding cmce in reotilinesr co-ovdi- 
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nates, but it is better to ^vail oui'sclvca of lie more simple process 
indicated in the general remark, Art. (91)- 



121. An equation, from which the particular equafions of most 
of the spnals may be deduced by assigning particiilai' values to a 



H » be positive, t = will give u = 0, 

and the spirals represented by tte equation have their c 
the pole. 



and the spirals have ■their origin at an infinite distance, contin- 
ually approach the pole, and u becomes equal to only wlien 



and if a' and /', u" and t", represent tlie i 
two points of the spiral, we shall have 



or the law in accordance with which the generating point must 
move IS, that the radius vectors shall be proportional to tlte corrcs- 
ponding angles. 
The ewrve thus generated is tho Spiral of Archimedes. 
22 
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If wo take foi tlie unit of distance, tlie lengtli of tie radius 
vecUn' after one revolution ; tlieii m = 1, i = 2*, and Iho 
equation gives 



nnd tlie primitive equation becomes 
u = — .; wliencc 



TliLs spiral may be constructed by dividing a oircumfcrcnco iuio 
any nuniber of equal parts, as 8, and the radius AB into the same 
number of equal pai'ts. On the radius AC lay off one of theao 
parta ; on AD two, AE tJiree, ifec.; ou AB 
eight, then again on AC nine, &e. Tlie 
distances thus laid off will be proportional 
to the angles BAG, BAD, &c., and the 
curve through their extiemities the re- 
quired spiral. 

Substituting the values of w and dzi in 
equation (2), Arf. (120), we bavo 




AT = suhlangeni = 



If 1 = 2-r, that is, 
nity of the ai'o generated in 



9 tangent be drawn at the exko- 
evolution, we have 



of the ai'c generated ii 



r the tangent be drawn at the exti-eoiity 
revolutions. 



AT ~- ni^.^'m = 'm.2mw ; 
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that is, equal to to times the cin 

vector of the point of contact. 

For the sutnorma] ive find 



•,e described with the radius 



tlie genera! eqiiiitioii becomes 



J 



Tim equation being of tlie same ionn as tliat of the parabola, 
the curve given by It is called fie Parabolic iSpiml, 

It may be constructed by first constructing the parabola wliosc 



equation la 




and then laying off from P to B, C, 
I>, &c., along the ciicumference, any ^umecl 
abscissas, and from A to M, M', &c., the cor- 
reaponding ordinates ; the points M, M , &a., 
will be points of the spiral, sinc« for each we 



The subtangent at any point is AT = 



and the spiral thus given is called the Hyperholic Spi,ral. 

If w' and V, u" and i", he the co-ordinates of any two points of 
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tlie spiral, ^^e liavc 7 



■ • " ■ ■ i ■ JL 

' ' f ' v 

e inversely pi'ojKiriional to the angles. 
If M ba any point of the spiral, 

AM = a, MAP = (. 

Tiie right-anglod triangle BIAP, gives 
MP 



Substituting this value of it in tlie eciiiation ul =^ a, wo find 



Aa ( is diminisbed, this value approaclies r 
- 1 ; when t = 0, wo hai-e MP = 



m..^ 



If then at a distance AO = a, a line be drawn pavallel to AP, 
it will continually approach tho onrvo and touch it at an infinite 
distance. 

The suhtaniient AT — :^ ~ a. 

du 

It is then constant and equal to AC. Also, 
that is, fke tangent of tlis angle made hj tha tangent and radius 
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/ 



vector is eqtw.1 to the are which measures the ani/h made hy the n 
dius vector and fixed line, 

"We may apply these properties to the oonstructioii i>f tlie cun 
by points, thus ; With A as 
a centre and radius = a, de- 
scribe a circle ; join any point 
T with A, draw the indefinite 
radius vector AM perpendic- 
ular to AT. Make AD = 

arc PIT ; join D and H", and -~~ "'' 

draw TM parallel to DN, M will be a point of the cuvy 
the eonBtmction 

AD = tang AHD = tang AMT = arc NP. 

125. The spiral represented hy the equation 
( = log M 
is called the Logarithnic Spiral. 
Differentialing, we find 

,, Mdu . 



tanff AMT = — = M ; 
da 

that is, the angle formed hy the radius veetor and tangent is coii 
stant, and the tangent of this angle is equal to tlio modiilna of the 
system of logarithms used. 

IfthoNaperiansystem to chosen, M = I, and AMT = 45''. 
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174 

Since t is tlie logarithm of v, if it be increased iinif jrmly, =o that 

the diflerHnt aica ', (', (' , &e , shill he in 

arithmetical progieasion, then u, u', w ', &c, 

must be m geometncal piogression, and the 

^^p'-Yt" curve miy be coiistiu^ted thus With 

\ A "yP AO = 1 descnbe i ciicle, and divide the 

\ / circumfeience jnto any number of equal 

"~- -" parts, and dr-in the lines AO, Ay, hp', &c. 

The distaneea laid oft on these lines ire to 
bo in geometrical progression, since the aics Op, Op', Op' , &.a., in- 
crease by the constant difference Op. To find the ratio of thia 
progression let t = 0, then m = AO = 1. Now maie I = the 
are Op, and find tte corresponding vaho of u in the system of log- 
arithms used, which lay off to m, then 






t!ie ratio. 



On Ap', Ap", &c., lay off Am', Am", so that 
AO : Am : Am' ; Am" : Am'" : &c., 
;i, m', m", &c., will be points of the curve. 
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PAUT II. 



INTEGRAL CALCULUS. 



126. The object of the Integcal Calculus is to explain tow to 
pass from differeutiala fo the functions from which they may be 
derived ; Oi in. any paitacular case, to find an expression wAt'cft, 
if it be differenlMted, luill produce the given differential. 

Tliis expression is called the integral of the differential. The 
symbol f when prefixed to a differential, denotes that its 
integral is required, thus 

fdu = u, 

and this integral {da being infinitely small) is phiiuly the same as 
the sum refen-ed to in ai-ficle (81). 



127. "We h[ive found, article (15), dhu = Kdu ; there- 



fKdu =fdAu = Am — K/dti. 

rVom which we see that a constant factor may be placed with- 
out the sign of integration, without affecting the value of the inte- 
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fh{a ~ ^^)dx = If [a - ^0^^, /^ = -J^'dx, 

Also in article (18), we have 

d[u -\- viz (fee.) 3= rfu + i^f =b &a ; 
hence 

f{du + rfi) ± &c.) =fd{u + J. ± &c) = M + 11 ± &c. 

that is, the integral of the sum or differeni:e of any nwmher of dif- 
ferentials, is eqval to the sum or difference of ilteir respectiiie inte~ 
ffrals. 

Also ill ai'l.ide (14), we have 

d{u + C) = du, 

no matter ivliat the \ilae of the constant may be ; ienee an 
infinite Dumber of espresijona difleimg tiom each other in a con- 
stant term, iihea difteientiited will picdut« the same differentiaL 
For this reason, to the tutegral zmmedtattii/fowtd we always add a 
constant; thiT*, 

/du=u 1 C 



INTEGRATION Oi' MONOMIAL DirFEKENTIALS, &C. 

I'iiS. By avticle (22), we have 

cdx"*' = c(m4- l)x'^dx; 
and fi'om this, 
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fcx'^dx = I ed-^^ ^ 

•' I m +1 



1 + 1 



Therefore, to obtain the inf«gr-J of a moDomi il diffeienlitl : 
Multiply ike variable wilJi tts pniritHc exponent tneieaied by 
unity, by the constant fnctoi if thrip i-. ire, an ? dn dc tl ) i«'' by 
tlie new exponent. 



Examples. 
du=. xdx, fdu =f.Tdx = '■ — I- C, 

du. ^ —, fdu ^ -fsPih = ^ -;. 0. 



e{n-m} 



ad 3: Sw '■'dx 



u^f^ +/!L^_/£^'^f Alt (137). 

Tho application of the aljore nile does not give tlie proper in 
tegval when !» = — !, iia in this case we have 
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^ " ~ —1 + 1 ~ ^ "' 

"wlioreas 

fx-'d,v=f^ ^ U + C Art. (li*;). 

This result was to be expected, since/ ~ or h car, not be ex- 
pressed in algebraic terms, Aft. (5). 
tf rfM = - -, 

or a = log ^ + 0, 

tlio logai'itlim being taken in tbe system whoso modulus is — , 



129. Many expreisaions, by the inti-oduction of an ausiliary va 
liable, may be transformed into monomials, and then integrated a 
in the preceding article. 

I. Let 

du = {a+ Ix^y-c'sf^'dx. 

riaco fl + 5s" = s, 

then 



nis"~'rf^ = dz x" 'dx = — . 
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INTECRiL OAI 

Substituting m tli« given expression, and integrating, we liave 

and replacing the value of :;, wo have, finally, 

(m + lH 

that is, to integvatij a binomial differential ivlien tlie csponent of 
the variable without the parentliesis ia one less than that within : 
Multiply the Knontial toith its primitive exponent increased hy uni~ 
fy, hy the constant factor, if there is one, then divide this result by 
theprodtirA of Ike new exponent, the coefficient and the ea^onent of 
ike variable within the parenthesis. 

Exainples. 

1. If dv. = {a-VhxYexd.v, m = ^i^-ti^ -|- G. 

2. If dii = (2 — dx^y-3^Mx, u = -~ ?(2 - 3,^=)"^+ C. 

4. Let du = a{/i — ci;~'i)~fi^~'^^'(!e. 

D. Let 



dn = _- 
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In the aarao way we may find tlie integrals of the following 

1. Let d» = ^^l±M^. 

a +bx + ex' 

PlacfJ it + 6.ii + ex' = z, llien (J + 2cx)dx = dx, 
■a = mf— ^mM= irj(a + &^ + cx^) + C. 

2. If du = J^-, M = _ 2;(« - ij) H- c. 

a-y 

4. Let du = 

1— s* 



we see tBat in all ciises where the numerator of an. expression ia 
the product of a constant and tho diifercntial of the denoiuinfitor, 
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iis irUejral will be the prodnci of the constant and the Napeiia 
logarithm of the denominator. 



ISO. If weliavc an expression oE the form 

du = (a + bx + ex' + &c.)'°ifdx, 

in which m is a positive whole number ; the integral may be 
found by raising the quantity within the pai'enthoaia to the mth 
power, multiplying each term by .^'iZs, and then integrating it iia 
in article (128). 

1. IjGt du = (a +a;')Viir, or du = (ii' +2ax^ +x')x'dx; 

then 

u= r(a'z'dx+2ax''dx+x''dx) = — -L ?^ + fl 4. Q. 
■' ^ 4 6 8^ 

a. Lot du= {h ~ !^'f:o^dv. 

3, Let du = (6 ~ cx'-^yaT^dx. 

131, Every expression, of the form 

du = Aj;'"(f! -1- hxydx, 

can be integrated, when either m 01 n is a positive whole nuraoer, 
Tf n be positive and entire, v.o lanj integrate as in the preceding 
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If m be positive <ind eiitirn, n Leing cither fi'aetional or regative, 
placo 



{ I, ) i' 



■wliich may lie integrated as in llie preceding article. The yaluo 
of X Iteiiig tlien replaced, the integi'al will te expressed in teims 



Bsarnples. 
1. Let dii = 6,i^^(n — 3i)^itr. 

J ^ I 3 6 7 ' 

and linally, ty replacing the value of J, 
. = ._ ? fa'(a - ,)» + i &(» - ,,)t - I 5{o - .)! + (J, 

it may be placed under the form 
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du = 2e(1 — 3») '-^dx ; whcDce w = — ~/(l — ^)^ 
!tnd finally, 

^ =. _ 1(1 _ 3:c)^ + ±(1 _ s^Y^ -1- C. 
ydy 



. Let d!! =:= —--. 4. Let rflf ^ 



(or + 6)" 
ve may placo it undei' the form 



and may then intcgrato each, fraction as above, ii7n,p, q, &:a.. 
oiitira and positive. 



132. To complete each integral as determiTied by the preced- 
ing rales, we have added a constant quantity 0. If in the par- 
ticuiai case under consideration, wo happen to know what the in- 
tegral nsTiat be for a particular value of the Yai-iahle, this constant 
can bo determined. Thus, if 

fXdx = X- + C (l), 

X' representing the function of 3! obtained at once by the applica- 
tion of the rules for integration ; and we know the integral mnst 
reduce to U when a: =: a, we have 

N = X^=. + C, C = N - X',^„. 

In general, however, this constant is entirely arbitrary, since 
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ISi IfJTEOIlAL CALC'tll.TJS. 

wliatevei' i-aliio be assigned to it, it will disappear by differenti- 
ation, Alt. (14). This arbitrary nature of Uie constant enables us 
to csiHso tie integi'al to fulfil any reasonable condition. Thus if in 
equation (1), it be required that the integral reduce to flo par- 
ticular expi-ession M, when x — a; we may determine the value 
which must he assigned to C, by writing M ioi'/Xdx, and substi- 
tuting a for at in the function X'. Calling the result of this substi- 
tution A, the equation reduces to 



M =:= A -}- C ; 






fXth = X' + M - A (2), 

which will fallil the rcciiiirod condition. 

If M ^^^ 0, =^ ~ A and fXdi^. = X' - A. 

The integral fXdx = X' -h before any particular 

value has been assigned to C, is called a complete, or indefinite 
integral. 

After a particular value has been assigned to 0, as in equation 
(2), it ia called a ^art'tcvlar integral ; and if in this partieular in- 
tegral, a particular value bo given to x, the result is called a defi- 
nite inieffral. "We should thus have, when a: =. l, 

JXd^^M + M, — A (3), 

B representing X',,i. 

That value of the variable which causei the integral to reduce 
to is called the origin of the integral ; and in every particular 
integi'al this ori^n may he determined by pladng the integral 
equal to 0, and deducing the value of the variable from the result- 
ing equation. 

If in (l) wo make x = n, and then k =: h, we have 
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CALOULUSi. 

/(Xrf^)„„ = A + C, /(Xdx),^, = B + 0, 

whence by subtraction, 

J iXdx),_, - f{Xdx),^^ = B ■- A. 

This is the integral taJcen between, ike limits a and i, and ia 
ally n'ritten 



txix = B — A, 



the limit coiTesponding to tlio siibtractiic integral being placed 
below. 
Tf a, h, c l:,l, be Eevoral increasing raluos of x, .and we 

C^dx = A', r Xila ^ IV r Xdx === K'; 

then evidently 

r Xdx = A' + B' + C + K'. 

Example. 

fGu?dx = 2r'+ C; 

IS a complete or indefinite integral. 

If it be required tliat this reduce to 4, when a: ~ I, wcliave 

4 = 2 + C, 0=2, 

and 

/Gs-i^ffi " 2s.^ -f 2, the particular integral. 
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[. CALCITLDS, 

I'or tho integral between the limila x = mid a; = ; 
/(6^=Ja)^,o = 2, /(0a^(te)„3 = 56 ; 

hence 



r (ia^y^i; = 54. 



Tlie oiigiu of tlie particular integi-al is obtained by plac 
1^ -i- a ::= ; wiioncu a^^ = — J, o^ = - 



TKTEf.liATIOS' OF TPiE DIFrEnHKTIALS OF 
CTRCULAIt AltCS. 



133, I. In article (42), we Lave found 



in wliioli w = sin x, tho radius of tlie cii'cle being unity ; then 

Expressions of a siiniki' fonn may be readily integrated by the 
(lid of an ausiliaiy variable. 



Maki u ~ az, then du = adz, -^^a? — ii' —. aVl - 
Buhi tituEing tbese values in (1), wo have 
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This may be integrated directly, by placing x =, -^/Sj^, as in 
the list example, or by a simple comparison with it, by plstcing 
V^hra. TiiTis 



3. Let 



d!/ = 



2dx 



V^ — 3x^ 
This slionld firat be placed under the fonn dy = 

n. In article (42), ive have also 



^/l^/^ - 






In the same way a 
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J W^~i> - 

by placing 4 for a'. 



ni. We have also 



dx =^ ... .. — - = d vei'-ain '« ; 



=/v 



place M ^^ as, then du = arfa, and 

_ r du _ r dz ^,^^ 



2. If 



zdv. 



ViU - M^"' 



IV. We hn.w also 

dx = 
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-u. 



a' + u? 

inalre m = av, then da = adz, and 






a. If rf.r ^ ^^i?^, x = ^l tang-' ^^+ 0. 

2 + u' V'i v^ 



3 Let t?yr= 

2 + g.i'' 



Tf we multiply and divkle the fraction — — ,-hyn' 



1 a'dii 
'' a' a' + « 



x = \ /"-^— , = ltiing-'« + ATt.(42), 

the radius being a ; aad in a similar ^vay, all the above expressions 
may be tansfonned. 



INTEKRATION OP RATIONAL FKACTIONS. 

134. Eveij rafioBal fraction which is the (iifFcrcn'ial of a 
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function of x, will appear as a particular case of tho general 

( Asf + Ba"-' -i- Gx"^ + &o.)da 
A'ic" + B'*^ + C'a"-= + &o. 

in wliicli ni and n are whole numbers and positive. 

If m be greater than n, the niimeratoF may bo divided by the 
denominator, and the division continued until the greatest expo- 
nent of a; ia the reminder is one less than in the denominator ; the 
quotient will then, consist of an entire and rational part, plustke 
remainder divided by the denominator, and may be written 

Air" + Bar-' + &o.)dx 



AV + B'*"-' + &c. - ^"^ -^ AV + B'ie-' + &e. ' 

and the integral of the primitive fraction will be iho sum of the 
integrals of tie two parts. 

It will be necessary then to explain only the manner of integra- 
ting the second part, or those rational fractions in which the 
greatest exponent of the variable in the numerator is at least one 
less than ui the denominator. 

First, suppose the denominator to be divided into its simple fac- 
tors of the first degree, and let them be represented by 



There will be four different cases, eacli of which will require 



Whmi the factors are real and unequal : 
When tkey are real and equal : 
When they are imaginary and no two alike : 
When they are imaginary and alike, ttoo and i 
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[. cALOL'i.va. 10] 

J. As ;:n example oi the fcst case, let iis take the 



'S!b.o two factors of the doriomiQibtar are b + 6, and x — h; 
then 

iax±c)dx ^ {ax + c)d« 

A and A' being coTistants to be determined. For the purpose of 
determining them, clear the equation of its denominators; then 

aa; + c = Aa: ~ AS 4- A'^ + A'S. 

By pladng tlie coeffidents of the like povicis of k, in the tvo 
members, equal to each other, we have 

a =^ A + A' c = Mh — Kl 

Substituting those values in (1), multiplying by (!«^, and pi'cfls- 
ing the sign/", we have 

i\ax + c)(ti: _ flS — c /* dx uS + c r ds 
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Ito mctliod pursued bovi, iiidiftc= ihe following rule for all 
similar expressions. 

Place the primiiiiK fraction {oiiutting the differmidal of tite vw- 
riabk), equal to the sum. of as many partial fraclions as there are 
factors of the first degree an. tis deiwrntTiatw ; ike numeraiors of 
these fractions heing constants to ht, determined, and tJie denominators 
the several factors of the m iginal drntarnvnator ; clear the resullinff 
equation of denominators, equate the coefficients of the likepowers 
of the variable in the two memhers, and thence determine the am- 
slants ; then mviilply each partial fraction by the differential of the 
variable, and take ilie sum of their integrals as in case 13., article 
(129). 

2. Integrate tlic expvession 



Tile factors of tlio denominator are, a: -\- 1, ie — 1, and a 



Clearing of denominators, 

3a^ - 1 =^ Aa^ —As: + AV + A'x + A"^' — A" ; 
whence 

3 ^ A + A' + A", = ■- A + A', 1 = A", 
and 

A = 1 = A' = A". 
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/*(3;t^ — 1), c '^^ c <^'-^ r^ 
= 7(« + i) + ;(«-i) +& = i(."-.T) + c, 

aa may be seea at once, since the numerator of tho given diSbren- 
tial is the exact differential of the denominator. 

3. Integrate ti,e expresaion 

Placing tlio dcnoinlnatoi' cqnal to 0, we hai-e 
!/' - 2y - 2 = ; 
mhencc y =l \ dc. y 3, and the corresponding factors are 
y-{\ -Y V It), y - {\- -V ;;)- or y -m and y ~ n. 
Finally, 

r i^m_ ^ !"su\ n, _ „) „ i^ n,j _ „) + c. 

J y' — 2y ~ 2 11 — in, ''■' ' n—m^-' ' 

4. Integrate 

(23? + 3)dx 

6. Integrate 



, Google 



136 II. lu llie second case it may be I'einai'ked, that if all the 
factors of iha dcuomiuator are eiiunl, tlie fcactioii "will tako the 



{Axr-' 4- Ba'"-' + Ac.,) 

^i^^- ■"■■ 

wliieli may be iutegrated fts iq article (131). 

We noad theu only consider the case where a poi'fion of the 
factors are eqiial. The rule of the preceding article is not applica- 
ble here, as will be seen by taking tlio expression 



(:.--i)>-c)' 

n which two of the factors are equal to .-e ~ 6. 
By an appHcation of the rule referred to, we should have 



since A + A' must be regarded as a single constant. 

Xf tliis equation he cleared of denominators, and t]ie c 
of the like powers of x in the two menibera placed equal to each 
other, we shall evidently form three independent equations, with 
only two unknown quantaties B and A". 

We obviate tin d fticuhy 1 y waiting, for the equal fiiotora, the 
twofractioBS . ^ -■, and thus have 



{x-h)\x-c) (x^hf • X- 
which, being cleared of denominators, gh'ei 
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a = E(.' - c) + r/(. - l)[. ~ c) H- A{^ ~ hy ; 

whenco 

B' + A ^ 0, B - B'<: - D'J — 2A6 ^ 0, B'5c - Bc+Ai= = a, 

three ec^iiations with, tliree uiilinowii quantitdes, wliich can then be 
determmed. 

And in geEeral if tliere be n equal factors, we sliould wTite n 
partial fractions of the form 

B \y li--'^ 

the nnmeratoi's of whicli are constants, and the denominators tb,o 
different powers of tlie equal factor from the Mth down to the first 
power. After E, E', <fee. are determined, each partial fraction, be- 
ing first multiplied by the differential of the variable, will be into- 
grated as in article (129). 

Examples. 



1. Integrate 



(^-l)-(,,;-2) 



Clearing of denominatoi-s, and equating tlie coefficients of t'le 
ike powers of x, we Lava 



^ B' + A, 1 = T! 


~ 3B' - 2A, 2 = 


B= - 3, 


B' - - 4, ^ 


and finally 
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J(l-l)>-2)- 
2. Integi'ate 



If there are diffei'ent sets of equal factors, partial fractions miiat 
be written for each, set ; tlius, 



137. m. "VVe know from the general theory of equations, that 
iinagiuaiy roots aro found only in pairs, and that for each pair 
we must have a factor of the second degree, of snch a value, that 
when placed equal to 0, it will give the imaginary roots. Each 
pair of roots will always appear as a particular ease of the geucral 
form 

w=.a±V^^' (1), 

and the corrcspontling factor of the second degree will be 

^-2ax+a- + lf = [x-{a + -/^p)] [,_(«_ V=1')]. 

By a comparison of the imaginary factors, in any given case, 
with these general values, we determine the cori'esponding values 
of a and h. Thiis, if the factor of the second degree be 



e place it equal to 0, and find the two roots 

x=i± V - i; 
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Now, in the tiird ease, for eaeti paii' of imagiuaij factors, let a 
partial fraction te written, of the form 



x'-2aw -h a' + b" {x - af + V ' 

By clearing of denominators, &c., as in tie preceding articles, 
M and H" may be determined. Wo shall have then to integi'ato 
the expression 

(Mil; + K)(?^ 

For this purpose, make j; — a = E, then a; — s H- a, 
dx = dz. 

Suhstituting these, the original expression becomes 

%' + i' 

or by niaiiiiig Ma + N = P, and dividing tho expression into 
two pai-ta, 

'hlzd^ l>dx 

The iii'st part may be integrated as in case IT., Art. (120). 
T3ms, 

The integral of the second part is 
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or by Bubstitntiiig the values of P and 2, 

and finally 

/■(Mi+F)<fa ,„ ,, j^ „ 

+ iL+i'it,„g-.(?^ + c w 

Talse the patticulM' example 

The factora of the denorninatoT are x and 3^ -j- x -{■ 2, the last 
being the product of the two fiietors corresponding to the imagi- 
naiy roots 

which compared ^vitll (1), givo a= — i^y ^' ~ h ^ = kV'l- 
Place 

X - 1 __ A Ma+ K 

^3 +-3,' + 2.1; ~ ¥ ,ii^ + :b + 3 ■ 

Clearing of dcnominatora i!ic,, wc find 
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Substitufdng tliuse values of M, N, a and 6, in fovmiila (2), ob- 
- —Ix, and rcdii- 



h 



:e' -^ x" + 'Zx 2 ^2 



-(^)-- 



138. IV. In tlia fourth ease, wliere there ai'c several imagina- 
ry factors, alike two and two ; those of each pair multiplied to- 
gether will give the same factor of the second degree, and if 
there he p such pairs, the denominator will contain a factor of the 
form 

{x' - lax + a= + li'Y. 

For this, "we write p partial fraotiona ; thus 



R. - af + S-]' -^ [(. -„). + J-].- (, - a)' + b- ■ 

Clearing of denominators &a. the values of M, N^, M', W, &c. 
may be determined as hefore, and since the- several partial frac- 
tjona, after multiplying by dn, are all of tlie same form, we have 
only to explain the mode of integrating any one of thetn except 
the last, which is to he integrated as in the preceding article. 
Take ike fii'st 

(M^ + N) u'g 
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200 INTEGRAL C 

and make k — a — s ; tto fraction tlien bscomea 
(ilz + Ma + 'N)dz 

or placing Ma 4- K" = P, 

Msdz Tdz 

Tke first part is integrated as in easel., Art. (129). Tims 

y (=^ + J^)" '~ {-p+ 1)2 "" 2(1 -y) {z^ H- 6^)'-' ■ 

By means of a formula hereafter to be determined, [Formulii 
D, Art. (151)], we aliall find 



/■(MH-P)J» __ « , ,M 4- ^ 

J (f + Vy 2(1 -y)(.>+4T' +■"''+ 7 






r which, substituting the value of z, we shall chimin the ■ 
;e integral of the primitive expression. 



liS'J, By 3 review of the preceding discussion, it will bo seen 
that all differentials whidi are rational fractions can be integra- 
ted; provided the factors of the denominator can be discovered ; 
and that the integrals 'will depend upon one or more of the font 
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INTEGRATION BY PARTS. 

140. In article (10), we liavc found 

duv = udv 4* vdu ; whence mu —fv.dv -{-fvdu, 

and 

fudv = v.v-fvdu (1); 

froin wliicli Vi'G Bee, that tho integi-al of udv cau be ohtainci, 
whenever we are able to integrate vdu. This method of integra- 
ting udv is called, Inlegralion hy parts. 

Mxamflcs. 

This maybe divided into tho two faetors, 

^ and icdx-\/a — x^. 



Substituting these ia formula (1), we have 
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2. Integrate 




Place I 


(!-,,■ 


then 




■ !'-■ 


-^)*, 



•20a ISTJ5GKAL CALcuma. 

and finally 



(1 



3, Integrate i/ai/l — ai'- 

riace Vl — a;' = u, and iJa = i^ii ; 

we then have by formula {]}, 

/& v"r:^= .V 1 - .- + j yy^^ (2)- 

If we muUiply dx Vl ~ ^ ^J - " ^ ■-- '^^ 
V 1 — a;^ 

/■j.vr^^= r~^- r~p^= (3). 

J Vl - a;' J Vl - a:^ 
Adding equations (2) and (3), wo havo 
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, , C dx 



i. Integrate ■ ^ *" -^. 



INTEGRATION OP CEETAIN IRRATIONAL DIFFERENTIALS. 

141. In the preceding articles, rules Jiiive been given, 6y loKc/i 
CTCTjf rational diferential may 6e inlegraUd, except the case re- 
ferred to in article (139). It may then be taken, for granted, that, 
jn genera!, every irrational differential which can he made rational 
in terms of a new variable, can also be integrated. Let 



bo a differential, the irrational parts of which are 



^'■ = j^% 



These values suhstituted in the given expression, evidently make 
it rational in terms of s and dz. It may tien be integrated, after 
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wHch the value of s in terma of x mast be substihited. We may 
then enunciate tte following rule for the integration of expressions 
of this kind, ^or the variable, svbstUute a new one, with an expo- 
nent egueU to the least common multiple of the indices of the radicals ; 
then integrate by the known rules, and substitute in ike result Vie 
value of the new variable in terms of tlie primitive. 

Examples. 



The least common multiple of the denominator ur indices being 
6, we place 

K = j", iheii dx = UzHz, s = x'. 

Substituting in (1), we have 



and integrating, 



^^k' _ 1^ ' — J* liS — Aa= -1- 
'40 Ab ~ 10* 5 ' 



axdx 



142. If the irrational parts are all of tke form {a + 6^;)' 
the expression may be made rational in tei-ms of e, by placing 
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CALCULUS, 206 

a + br. r= i', 

r being the Icaat common multiple of tho indices of the radicals. 
We shall thus have 



which substituted in the primitire erpression, with (he value of 
(1 -J- lix, mil evidently give a rational result. Take the examples ; 



(1 + xY + (1 + ^ 



Place \-\-x = %^; then dv = '2.%d7., s = (1 + x)*. 
These values substituted in (I), give 

, __ ^%d% _ 2dz , 

ifhcnce 

„ = 2 T-^ = 2 tang-'a = 2 tang"' (1 + ^)^ + C. 
2. Integrate the expression 

du =: — ^ — J- 

(1 - "V + (I - "')* 

143. Differentials of tho form 
X being a lationa! function of ^, may be raade rational by 
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placing . — - = t,", deducing tlie values of x 

a' + b'x 


..eli 


subatituting lliem. 






For example, let 






--*(^)* 


w- 




1-x t' + 1 


, dx^. 




ITie^e values in{l}, give 






(.■ + !)■ ' 






wliicli is rational. 






144. Every radical of tlie form ^/a 


+ bx±.i 


? ca 


written thus, 






r~ /a h 





after making — = a, and — = /5. 

To render rational a differential, the only irrational part of 
which is a radical of the above form, it will then only he necessa- 
ry to find rational values for x, ih, and V" + ^^ ± A in terms 
of a new variahle and ila differential. 



L Take tho ease in which, tbe sign of x' is +, aad plao 
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IHTBCiRAL CALCIILt!9. 
V^r+WT^=^-i« (1). 

Squaring boUi membci's, wo liavo 

a + fix =z= — 2w ; 
ivheiiee 



- fS + 23"'* 



...(2). 



By differentiating tiis value of x, wo obtain 

atid hj atibstitiitJEg tJie value of a; in tlie secoud member of (1), 

^^^+^^^+^=-8-^^^ W- 

These values of x, dx, and V" + l^x + x', substituted in the 
piimitive differential, will evidently give a rational expression in 
s and (?J. After integrating this, the value of s, taken from (1), 
must bo substituted. 

E.vamples. 

dx dx 

^' ' " "" vTVbx~T^' " Wv^TW+^ ' 

Substituting for dx and V a- + jSx -\- a? their ralues as found 
above, and reducing, we have 
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wicncc 



«-^;(.3+2^) = 4=^[8 + 2(V-.+ /3i.-l-^M-^)]+C (5). 

Vc Vc 



/. + ,v-^^- 



By comparison with, the similar expression in the preceding 
example, we see th.at 



c=v^ o=ft 5=.. 

Substituting tlicse values iu (5), we deduce 

.and, finally, Jifter uniting the constant — Z— , with tlio arbitrary 
constant, 

/(ic 1 , — . 
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3. Lot du ^ 



/2j; ■]- x' 



Coinpai'iiig tJiis with fommlas (2), (3), and (4), 

= K, 2 = ^, x = ^^ ' ^ 



2(j" + 2iy. 

(2 + 2.)- ' 


V27 


(Jm =J 


^■(» + 1) 



dtt = ds; V"*^ + it'. 



lis. II. If the sign of ,r' be minus, it wiil be necessary ,.. 
puxsne a different method, and deduce other fonnnlaa ; for if we 

Va + ^x ~ ^ = z — x, 

the second poivers of x m the aijuares of the two members "will 
have contraiy signs, and not cancel each other, aa in ihe first 
case, and therefore the deduced value of x in terms of z will not 
be rational. 

Denoting the roots of the equation x' ■ — ^.c — a = 0, by S and 
&', we have 
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210 I 

or, ehaiigino; tlio signs, 



"Sow, if we malic 

V{X ~ J) [S- - t) = (,. - i)! (1), 

square botli members, and strilia oiit t!ie commoiL factor x — S, 



' + &• 



J = -"JTJL (2). 



1 +2 

Substituting this vsluo in equation {!), wc obtain 
By differentiating equation (2), y."o lind 

(1 + '•)• 

Tliese vulues of x, y'a + ^x — u,^ and dx, substituted in llie 
primitive exprrasion, will make it rational. 



Examples. 

1. Let du = — — -' . 

Va + ^^ -. ^ 

By substituting tlie values of d* and -/a -(- f3« ~ x\ T>-e obtain 
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u = ~2 f-^ = - 2 tang-'s + C, 
aiid since from equation (1), 



wo liave finally 

„ ^ f _ '^^ = _ 2 tang-' \ A' -^ ^ + C. 

If ill this we make jS = k ^= I, the expression reduces to 

M = / — -; = — 2 tang-' \J — t ■, 

since by placing a^ — 1 = 0, wo find 

ar = it 1 or 5 = ~ 1 ^' = 1. 

If we now intioduce tlio condition tliat tJie integi'al sliall be 0, 
wten a; = 0, we have 

= 0-2 tang-' 1=0--, = -, 






VfH. 



Th.e direct integral of tlie first member is sin '.t, Art. ( 
lienec 
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lUTEGRAL CALCULI 






Placing 2(13: ■— a' = 0, ive deilucG x — 0, and a: = 2a ; lience 
i5 = and i5' = 2a. Substituting these in tLa formulas &e., we 



dxV^ax — x' _ Iz'dz 



I Bimple rational fraction. 
3. Lst du 



Vix — a? 
dx-\/% — a^ 



INTEGRATION OP BINOMIAL DIPFEKENTIALS. 

146. 1. If WO hfive a differential of tlie fovm 

«'' (r Iwing supposed less tian n), may be taken out of tho paven- 
thesis, and for the primitive expression we may wiite 

x''-^dx^{a + iaf-^)^ = a"+?-' dx{a. + 6a:"-)7-, 

in wiict but one of tlie terms, in the parenthesis, contains the va- 
riahle r, and tho esponent of this variable will ho positive. 
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2. If after this, the exponent of « should be fractional, eitter 
wittm or without the parenthesis, or both, we can substitute for x 
another variable, with an exponent equal to the least common 
multiple of the denominators of the given exponents, and tha'i get 
rid of the fractions, as in the example 

by making k = ■^, we obtain 

in which the exponents of s are whole numbers. Hence every hi- 
nmtial differential can he placed undia- the form 

%'^'dxia + U"f' 
m wliieh m and n are whole numbers and n positive. 

^A*l. 1. The binomial differential being placed under the pro- 
poned foiTji ; if i ia entire and positive, it may be integrated as 

in article (130) ; if ^ is entire and negative, we have 
x" dx(a -]- ox ) ' — ■ ■ , 



which is a rational fraction. 



I, either positive or ncjfative, plac 
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21i integhal calculus. 

then 

(a + fe-)7 =*" (1), ^■' = 



'-(^J 



-l("^\"!ild 



The viiliiGs (I) and (2), substituted id tte pvlraitivo expre^ioE 
give 

^^-'dx{a + hx"f= X^^^''dzft^J~' (3), 

which is rational in terms of a and ds, ivlion ^- is « whole nurahefr. 
Example. 



du = !<Pdx{a - Ea')^, 
in wliich 



? = 2, 



These values in eqiifl,tion (3), give 



3:\/3:{a ~ bx'f = x'dz .^'''.".''), 



in 'whicli 
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3. If — is not a whoio number, wo may write 

= x'^"i-' dxia^-'- + if , 

and in accordanco ivitK tlie preceding principlo tbia ivill be ra- 
tional if 



To obtsiin the proper rational expression in terms of «, we nocd 
only make in equation (3), 

m = m + ~ n ■= ~ n a = h I = a 



■'^.(«.^-"+6)^ = - ^.^.^-UhPl^yH-^ (4), 

Exainple. 

du — xdx(a -f- i«')'i'', 
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t -1 = I, n= 3, p = 1, q^Z, — +i; = 1. 
n q 

e values in equation (4) give 



xdx{i 






in whidi '^ — ax-'^ + h. 

From what precedes, we see that every binomial differential of 
the proposed form can. be integrated : if the exponent of the paren- 
thesis is a whole number ; if the exponent of the variable without 
the parenthesis plus "Unity, divided hy the exponmit of the variable 
within, is a whole number ; or if this quotient, plus the exponent 
of the parenthem, is a whole number. 



148. Let us now write p for ^, and then dh-i<le the expression 
9 

af-'dxla + h^}" = ^''-^—^dxia -\- baf]", 

into the two factors 

or-" = u and x'^'dx(a + Ix")" - dv ; 



du='-(!n- «>-^"-Wir, li = OL±ii^)!!! Art. (129). 

^ ' {p+l)nb ^ ' 



Substituting these values in the formula 

fudv = uv—fvdu Art. (140), 
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nnd making {a + hx") ^ S, we liavo 

fx'^'dxX'' ^ ^'^"-^''^' (W_- n) j-^^. l^^;^rtl ,iy 

•' (y + l)»i (p -j- i)nh ' 

But since 

X-^' = X-'S = X''(« + 6,*") = aX'' + Sj^X'', 
/ar'"-"-ya;X'^-' = o/,-e'"— '(/aX" 4- bfx"—dxX''. 
Siibstitiilinff this value in (1), and cleaving of denominators, 
{p + l)nbfTr-\lxXr = .t""'X'^' 

~{m^n) [af^ 'cUX" + i/^"~'d^X"J ; 

transposing, &c., we obtain 



/.^•-'dxX" 



_ 3^'-"X'^' - a{m - n)fx'" — VJ^X" 



By a single application of tliis formula wo causo 

J" x'"~''dxXI' to depend upon f x"^'~HxK'', 

in which tie exponent of the variable without the parenthesis is 
diminished hy the exponent of the variable within. By an appli ■ 
cation of the same foimnla to f x'"~"~'dxX'', it may be made to 
depend upon f x'^^'^'dxX'', and finally, by repeated applica- 
tions, /x'"~'dxX'' will depend upon the expression 

m wbich r represents the number of times m will contain n. If m 
ia an exact multiple of n, Ibcn m. ^- m= 0, the term containing 
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the expression to be integrated disappears, and the integration iii 



If ^K ^- m = 0, tlie second member of the formula hecomea 
infinite, and it feils to answer the purpose ; but in this ease 
p -\- ~ = 0, whioli, substituted in equation (4) of ai'ticlo(14'i'), 
gives an expression n'hicli may at once be integrated. 

149. "We may also write 

tfnow in formula Si^ wo change m into m + n, and p into 
j» — 1, wo have 



/^"■^'^'dxX''-' = ■- 



mfaf'-'dxX'^ 



Substituting this value in tlie preceding equation, and reducing', 
ffe obtain 



rx"'-^dxX' = 

pn +m 

by wHcli the primitive expression is made to depend upon ano- 
ther, in which the esponent of the parenthesis is one loss than 
before. By repeated applications, this exponent may be reduced 
to a fraction lees than unity, either positive or negative. 

150. Tte use of the preceding fonnulaa may 'hn illustrated by 
the example 
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PIae« a + hx^ = X, m = 3, w = 2, J3 = |, 

then from formula &.^ 

■'66 

Applying formula ^ to the expression fixK^ after making 
m = 1, m = 2, p = |-, vvo have 

■^ 4 

and liy another application 

. -*-/| 



Suhstitutiiig these values, we have finally 



The express 
rt.{U4). 


.X^ 

""xi " 


246 lOfi leij -^4 


Va H- i^' 



lul. If in the primitive expressions, ni a\iip ave negative, tlie 
effeet of the application of formulas ^ and ISq would eyidently 
be to increase them numerically. Other formulas are then re- 
quired. 

1. From iX by transposition and i-ediiotion, we find 
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If in this wo diangu m into — m ■\- n, we have 

by the appHcation of which, — m will be numeriesilly dilnilli^^lled 
by the number of units in n. 

2, From S, by transposition and reduction, we find 

/^-'iX- = -■'•g + (..+^.y)/.--.i,.X. 

If in this we change p into — jj + 1, we olitJiiji 

•' «ft(p-l) -^ 

in which, the exponent of X is inimerically one less tlian in the 
primitive expression. 

If p — 1 = 0, tho second member becomes infinite, hut in 
this case ^ = 1, and the primitive expression reduces to a ra- 
tional fraction. 



153. Let U3 illustrate the use of these formulas by tlie example 

/»rW.-(2 - .'ft. 
Making in ®, m ■= ], a ~ 2, 6^-1, n = 2, p — - |, 
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By formula® , after making m ~ 1, w = 2, « ^ 2, 6 ^= — - 1, 
Making the proper sul>stJtiil,ioiiR in (1), we obtain iinally 

f.-^d.ii - ^=)-t = _ ^^' + ^^%. C, 

in wliioli X = 2 ~ a:-. 

163. By tlie aid of formula ® we ai'o now able to integrate tlie 
expression 

^^ =. dz{z^ + br" Art. (138). 

By making m=l, x = e, a = b% b = 1, n =: 2, we 

ciiiiso j - — . ■ ■■ . to depend, upon tlio integration of ano- 

tter expression in which, the exponent is one less, and by repeated 
applications, we siaJl find that the integi'al will depend upon !>■' 
expression 



154. For the ex 
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WG may wriEe 

to vfhieh applying formula ^, after maldug 

m = g + ^, a = 2e, h = — 1, j» = - -J, n = I, 

and recollecting tliat x''~^ ~ a"""' x^, and s'"'''' = x''~' .iT^, i 
obtain 



f sfdx _ 

J V2cE — 1? 



-^■\/2cx - 






By repeated applications of this formula, wheB g is a wliolo 
rnimber, we make tlie prLmitive expression depend upon 






- + Art. (1^3), 



INTEGIIATION UY SERIES. 

155, If it be required to integrate tlie expression Xiic, X being 
niiy function of a ; it is oilan convenient and useful to dcvelope 
X into a series by any of tbe known methods, generally by the 
binoBiial formula ; and then, after multiplying by dx, to integrate 
each term separately. This is called integrating by series ; since 
we thus obtain a series equal to the integral of the ^ven expres- 
sion, from ■which, when the series is conveiging, we can for par- 
ticular value.s of the variable deduce the approximate value of tic 
integi'al. 
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INTEQKAL OAI.OTTLUS. 

1. Let ITS taka the example 

By tlio binomial formula, ivci have 
Multiplying by ds:, and prefixing tlie sigQ_/J 

/(ir x^ , x' x' , j,„ 11-' 

1 + X 2^3 4 ^ 



wljence 



J 1 + ^ ^ 



;(l + ^)=^_^ +i^_^ + Ac.+C. 



But wlien a = the first member becomes I (l) =-■ ; liei 
C = and 



2. I*t du = .^S(i _ a!)2(;^. 

By the biiioraial formula we have 
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Multiplying eacli term by x^dx, ifee. 

wLenee 

fx^il - x')hx = -x^ _ Lxi ^ — ^ &-C .. 

3. Let du = a^'ifa'. 

In article (3C), we liavo found 

1 1.2 1.2.3 ^ 

!ience 



li /; = ?((. If a = e, tlicn i = ^e = 1, and 



■\/x~x' Vx i/\ —X 

Make Va^ = li; Oien dx = 2-\/xd'U,, and 

(tc _ 2du 

Vx\/\ - X Vi -1?"' 
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which may be readily integrated, and ivc shall obtaio 

J Vx-x' ^ ^ 2.3 ^ 2.4.5 ' 



du = tLv i/^i 



Developing Vl — 



(1 - t'V)>, 



•> Vl-x' ■' \ 2 2 1 AVl-^7' 

^^ftcr tlie multiplication, each term of tho seconcl member will 

be of tho form A / — ' , which by foimula ^9 
may hu made to depend upon 

J V 1 — x" 



1. Lot du = 









' i/(2cx — x'){b - x) Vsm - s^ V*— ix' 

Ifwodevelope ■ ■= (6 — «}~^, and multiply 



,y Google 



each terra ivill be of the form 



-l/2ra - 



Tvhicli may be reduced and integrated ns in tlie picfiodiDg ai'ticle, 

156. By tie application of the formula for integration by parts, 
Art. (140), to the expression Xdx, ive obtain 

fXd.v = Xa -/,wLX: (I), 

and then to xdX, &c. 

■^ J dx 2 dx J 2 dx ^ 

J 2 dx "J ~d^' "^ ^ 2^3 da^ J 2.3 da^ ' 



Substituting m succession tlie values above deduced, equation (l) 
■mil become 



a series, exjireasing the integral of Xdx in terms of S, and its 
difEjrential coefEeienis ; which has received the name of its distin- 
guished discoverer, John Bemouilli. 



167. If in tlie integral 
ve mal;e x ^x + h, ire have 
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(/X<ix)._ 


.«=/("• + '■) = «'; 


and hj Taylor's formula, 






,-^'i;,+ fe ( 

dx- 1.2 



fXdx - ^, 



These values substituted in {] ) give 

"^ dx 1.2 dsf 1.2.3 

If in tliis series we make a = a, li =: b ~ a, and denote 

hv A, A', A", &e., wlial X, — , -^, itc. 1»- 
■^ tie (it" 

come under tliia supposition, it is plain tliat what m heeomea will 
represent the value of tlie integral ivheu a; =; a ; wliat «' be- 
comes, its value when x = a + h — a= h; then what u' — u 
becomes, ivill be the value of the intcgval between tlie limits 
a; = «, and a = b; whence 



f'xdx = A(b-,) + ^{h-ay. 



a series from which the approximate value of a definite integral 
may be obtained. If S — a is so large, that the series does not 
converge, or does not converge rapidly enough, then let it be divi- 
ded into n equal parts, so that 
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iiiid lake tlie value, first between tlie limits a and a ■\- a, then be- 
tween a + K and a + 2a, &c., and suppose the results to bo 



Ba + W^ 



- JV- 



1.2.3 
Da + D'-"-^ + T)". — + &c.. 



tben by article (132) we have 
C \dx := (B + + I) + &c.)« + (?/ + C + &c.) -^ + 

&c (3), 

and as a is arbitj-aiy, tbe separate series (2) [and of course the final 
series (3)] may be made to converge as rapidly as we please. 



INTKGJilATION OF DirFEHENTIAI.S CONTAINING TRANS- 
CENDENTAL ClUANTITIKS. 

158, But few of these difForentials admit of exact integrals, 
"VVe can, however, by the aid of formulas previously deduced, ob- 
tain, by series, tieir approximate integrals. 

By the examination of a few expressions, we will endeavour, as 
far as possible, to indicate to the pupil the general method to be 
pui«ued, and then leave to his ingenuity and indnstiy, its applica- 
tion to the different cases witli which he may meet. 
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159. Take first Uie expression 

'K.a'dx, 

in which X is an algobraic fimciion of s:. If wo diridc it into the 
tivo facfoca X and a'dx, and recollect that 

a-h.(lx = da'- Art. (rfC), 

whence 

ifdx :r= — -, and fa'dx ■= ~ ; 

we shall have from tlio forniula for integration hy parts 

/x.* = |;_/?;« „). 

Ifnow we take the successive differentials of X, jiiid place 
dX ^ X'dx, dX' = X"di', rfX" = X"'dx. Ac, 
we obtain 

J u (bf J {lay 

/■rtX. XV_ j-j^^^ 
J [lay {lay J (&)' 



Tliese values in equation (1) give 

■' [k {lay (;.)*J =F J (&)* " 

If the function X is of such a nature that one of its diflercnlial 
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ts X', X", &C, ia constant, llie diftorential of tliis ■will tc 
0, and the corresponding term 

The integral will thefi be exact. 



admits of an exact integral when n is entire and positive. 

If n be fractional or negative, we write for a' its development, 
Alt. (36), and then integrate as in Art. (155). 



160. Talre now the expression 

X{la:)"dx. 
If we divide it into tlio two factors 

Xdx = dv, and (&)'■ ^= u ; 

whence 

fXdJ^ = v = X\ du = nQxy-'—, 
and then siibstitnte iu the foi-raiila of Art. (UO), we have 
fXiUfdx = X'(Z..)" - nfX'ikcy-^'^-^ (1), 

By this ihe integral of the primitive espression is made to de- 
pend upon the integral of another similar one, in which the expo- 
nent of (&) is one less than at first. 
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If then n lie Giitii'e and positive, after repeated <applicationi3 of 
the formula, tho exponent of (&) will become 0, and the expres- 
sion upon ivLieli the integral depends, aJgebraie. 

For a particular case, let 

X = .'^"■, then Sx'H^ ^ ^^—- = X', 

m-r 1 

and this in (1) will gii'C 



/.rm-d. =. ^^m- - -^-^^f^-m-'dx (2). 



If in this we substitute for n, iu succession 

n — 1, n— 2, n — S, Ac, 



fc.'{hr^dx = ^^m--' - '-^lf^-\h:)-^d., 



ITiese values in (2) will give a general formula, in which, if tj 
be positive and entire, tho last term will be 

(m + l)- ■' ^ ' (..+ ])■<-' 

"We aliaE tlicrefore liare 
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The sign of tlie last term will be plus ivheii n is even, and mi- 
nus when n is oilj. 

If m = 1 and n ~ I, we Imvo 



If m = and n = 1, \^■e have 

fixdK = ic{lx ~- 1)+ C. 

If M = — 1, the second niemhei- of (3) becomes infinite. 
In this c;ise the differential becomes 



Wv- 



Making h = s, we bavo — = clz, and 



^ ^ ' ai n + 1 « + I 

whicb is true for all values of n, except wlicn n = — 1. lu tliis 



Miilmg ii = «, wo have ?f = &, and 
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101. Take iiov/ the expression 

I'laco Xdx = iZa, and sin"'.!; = u, tlien. 



/St;.r =--= !^^X' and dii = -. 

(1 - ^0- 

SuljstitiitlTig ill the formula of Art. (HO), ivo liavc 

' (1 - ■•) 



-' (!-.■)■'' 



Tlius tlie integral of t!io primitive e-ipreasion is made to dajieiid 

upon the integral of the algebraic expression — — „_ . 
{1 - :^)i 

Let X = .I'", 



and wc lave 

JSy tliQ application of formula & or ®, when n is entire, tlie 
last term may he reduced, and then integrated; except when 
ji = "- 1, in which case the expression becomes 
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whicli can only be integrated \>j series. 

In the same way, like expressions may be found for 
fXdx cos~'3T, fXdx tang^'a;, &c. 



102. By article (il) ive liavc 
d sin «,T = ndic cos n.v, d coa m.i- = 

iiencs 

fdx siuM = — ?.^J!i, fdx o 

In tlie oxpreaaioii 
wc can place for siii^«, its value, — 



f'-^'-fl-f^ 



and in general Ibe inti ^iil uf ->jmilii e-s-piessions contjuimt, nny 
power of either the sine 01 cusmc ot x, can bf obtained by iii 1, 
aubatituting fie yalue of the power m tpwna of tbe double tuple, 
&c. arc, aa determined in tii^onometiy 
Tie expressions 

dx sin'".!:, da: cos"3;, 

ivlien m is entire, may also be integrated as follows. Mate 

sin .« ~ %, tben w ~ sin-'a dx = _ . : 
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fixm-^= i -. 

•^ (1 - >■)> 

This expicssion, by repeated applications of foi-mula iL o. 
may lie made to depend upon 

. ' or / -. 

(1 - zr -^ (I - ^r 

In the expression 

i/s taiig"'a;, 
place taijg a; = i 

tLen 

1+3= ° ^ 1 + s" 

wLich is a rational fraction. 

Examples. 

Integrate 1. du = dx siii'«. 2. du — — __. 

3. du = _ — , i. dti =: dx tang'a;. 

163. In the general e;xprcssiori 
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we may place 

sitae = e, then cos ^ = (1 — s')^, dx— — , 

(!-.■)♦ 

iind finally, 

wMeb may be reduced by fovmulas ii, S3, ©, and ®, and m 
some cases integrated,, as in tlie example 



INTEGRATION OP DIFFERENT! A I,R OF THE 



164. By an application of tlie rules previously demonstrated, wo 
may readily obtain, the pvimitivo function, from which differentials, 
containing a single variable, and of a higher order than the first, 
may have been derived. 

Let there betho differentia! 



d''^c =M,h-. 
Dividing by dx''~', wo have 



dx"-' 



=.jlz)dx. 
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ind since d^ ' is a eocstant, tliia may bo written, Art. (24), 
Integrating both mombcre, ive havo 



After niiiltiplying botL members of this eq^uation by ds:, it may 
be written 



\i,-) • 



:f(i}d:t + Od,; 



and integrating as before, 

which by anotiier transformation and integration, may be reduced 
one degree lower, and finally after n integrations, we shall obtain 



1.2...(»-I) l,2...(«-2) 
The above operation may be indicated thus, 

the symbol/" indicating that n successive integrations are re- 
quired. 
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Examples. 
1. Let (Pm ^ a^d^, 

Tlie rec[uired operation is indicated thus, 

and may bo read, the double integral of ax'dx'. 
Let the expression, after dividing by dx, ho written 





d'u 
dx 


-(I)-"- 






whence by in 


tcgtation 








dv. 


= T + 


C, da = '. 


-.,. 


Cdx, 


Integrating 


again, wi 


3 obtain 






2. If 












d'u=: 


Sit', .= 


/'M.^ 




which is called 


.a triple integral. We may 


write 
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and Cnally as in the last cxamplo 

■''""6 2 

3 Lot d'u = -. 4. Let (Pv, — -sfi&i. 



INTEGRATION OF PARTIAL DIFFEREWTIALS- 

165. Hitheito, we have explained tie mode of integrating 
oaly tiie differentials of funcliocs of a siiigle variable. It jet re- 
mains to extend onr rules to the integration of those which con- 
tain more timn one variahle. 

ITicse differentials ai'e either jiartial or total, Axt. (40). "When 
partial, they belong fo one of iu>o classes. 

I. Those obtained from the primitive function by differentiating 
with reforoiioe to one variable only, 

II. Those obtained by differentiating first with reference to one 
variable, and then with reference to another, &g., Art, (46). 



IGO. The differentials of the first class may bo expressed gene- 
rally thus, 

d'u ^/{x, y, %, &c.) d«'' d'-u^f>[x, y, z, &a)dy\ Ac, 

in which a is a function of x, y, %, &a., and may evidently be ob- 
tained by successive integrations, precisely as in article (164) ; all 
the variables, except the one with reference fo which the differen- 
tiation was made, being regarded aa constant, and care being taken 
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to add, instead of constants, arbitrary functions of Ihosc variabfea 
wliidi arc regarded as conHtant during tlie integration. 

Examples. 

i. Let d\ = h3?ydx\ 

ivliiclj, after dividing by dx, may be written 

whence 

dv. = ^dx + Yfo, 
and 

M = Pix'yd^ = ?^ 4- Yx + Y', 
12 

ia wiiicb Y and Y' are arbitrary functiona of y. 

2. Let d^u = ca'^yh'^dif. 

107. The differentials of ihc second class may be written gens- 
I'ally thus, 

d'^"+-"u=f{x,y,%, &e)dx'-dy'' dz' , 

and the mode of integrating is plainly to integi'ate first, m times 
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with rei'aroncc to ,r, then n timos with reference to y, ana S( 
until all the requived integrations are made. 

To illustrate, let 

d'u ^^ <p[xj y)dxdy, 
which may be wiiLteii 



'{£)=»<■" 



whence by integration witli rcforciice to y, 
and 

w =/'*'('^, y¥'jd^ +f^d.v + Y, 

there being no nece^ty of indicating with reforonco to which v 
liable the integration in fiiBt to be made, Art. (47). 

IJxamples. 
1. Let iPu = ax'ydif^. 

This may be written 

01 
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Integrating with reference to x, 

dy'' 3 
which may now be iiitegi'ated as in the preceding article, 

2. Let d'u = ax^^dxdydt, 

3, Let d'u — (s + yfdx^dy'. 



IKTEGKATION OF TOTAL DIFFEHENTIJ 
FIRST ORDEE. 

108. If u =f{x, y), 

re havo found, Art. (49), 



du, 

dx 

of /(.i^, y) ; and also. Art. (4V), 

d('^\ d('h\ 

d'u _ d\ ^^ \^J _VlJ (1). 

dxdy dydic dy ~ d;c 

If then an expression of tlie form 

Vdx+ Qdy (2) 

be the total diffcrcntiul of a function of a: and;/; Vdx and Q/li/ 
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must bo tte two partial differential of tbe function, and by tlie 
integration of either, wo shall obtain the function itself. 

To ascertain, in any given expression of the above form, whether 
Pdx and Q,dy ai'e such partial differentials, we have simply to see 
if the condition (1), or 

£P __ dO^ 

is fulfilled. If Eo, the given expression is tlie differential of a 
function of x and y, and "wo have 

u=/-2dx + Y (3), 

Y being a function of !/, which is to ho determined so as to satisfy 



To determine this value of Y, let eciuation (3) be differentiated 
■with reference to y. Then 

du _ dfPdx dY . 
dy dy dy 



or representing/ Piir by v. 



dy dy y dyj 

and finally 
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Examples. 
1. Let 

dii — {2ai:i/ — 3bx^y)dx + (ax' ~ bx^)dy, 
which compared with equation (2), gives 

V = 2axy — 3hx-y, Q = aa= — bx\ 

dj/ dx 

This condition being fulfilled, we then have 

M =f{2axy - ?.hx'y)dx = a.r'y - hji^ + Y. 
To determine Y, we havo 



y \ y'J 
J y y 

Since v =fl'dx = '—, we havo 
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<«-!>-. 



j2ydy=--f^Q, 






3. If 



«=^ + / + C. 



a^ + f y 



i. Lo!. du = {(ixy — y'-)dx -\- (3k' ~ '2.xy)dy. 



169. If afimctiou of two variatlea, composed of entire tenaa, is 
homogoneous with reference to them, iia diffeiential n-ill also l>e 
homogeneous ; aud such a relation will exist hetweeii the function 
and ifs partial differentitil coefficients, as will enahle us at once to 
obtain the function, when the differential is ^ven. 

To er.plKin thia relation, let 

« =/(^- y)' 

and m denote the sum of the exponents of a; and y in each term. 
For X and y substitute tx and ty respectively, the primitive fuuetion 
then becomes i'°u. 



In this expression, for ( put (1 + s) ; then 

r« = (1 + ,)-«. 



Under these suppositions, x and y, in the primitite function, 
have become, respectively, a: + s^, and y -J- sy. 
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Developing tliia new state of the primitive function, sis in article 
(46), ive have 

. + ('*« + *.,"\ +i('5'A' + 2i?i Aj,,.A + Ac. 



Equating the coefficients of the first powers of the indatoi'minate 
s, we liave 

f> + |s = »" (1). 

Hence in the difforeutial 

du ~ Vdx + Qldy, 

if r iiiid Q are homog'eneoiis of the {m — ])th degree, we shail 
have, by comparison with, equation. (1), 



V<c + C^y = 



_ Vt. + C 



I'or example, let 

du = ixi/dx + ay'dx + ix^ydy + ZaxyHy, 
in which, m — 1 = 3, i» = 4, 

■^xy^ -Y ay^ = P, ix^y + 3a«y'^ = Q ; 

whence 
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170. The motliod of obtaining tlw iiitftgi'al of a differcEtial, 
cont^ning several variables, is readily deduced from wlat pre- 
cedes. Let 

da = Pdx -h Qdy + lidz = df{x, y, x) (l). 

If for a momeut we regard x as u constant, and tben in succes- 
sion y and w, it is plain that we ahall have the three expre^ions 

PfZ^e -I- QAy, Tdx + Mt:, Qfiy + ^dz (2), 

wliich, taken separately, are differentials of functions of two va- 
liablea, if the primitive expression is a diffoi-ential of a function 
of three, and the reverse. 

But the conditions tliat these be oacli an exact diiferential, are 

dy da) ' dt dx dz dy 

hence if wo have given an expression of the form 

Prfa + Qtfy -j- 'S.dz, 

and the conditions (3) are fulglled, it will be the differential of a 
function of three vaiiabl^, and we oan obtain the function by 
integrating either of the expressions (2), as ia Art. (16B), taking 
care to add to the integral a function of that variable whieh is re- 
garded as constant. Thus, denoting the integral of 
"Pdx + Q.dy by v, we have 

fi^dx -I- Q.dy + E(Zj) = « + Z (4), 

Z baing independent of x and y, and a function of z alone. 

If now we differentiate equation (4) with reference to z, -we 
find 
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wliGiice 



/(B^|y. + C, 



« =/(Ms + Qiy + mi) = . +//'k - jV- + C. 

By a similar course of reasoning, ive may deduce tlie integral 
of tie differentia! of a function of any number of vat-ialilas. 



171. Ill iiitlde (168) wo ha70 denoted/r^^.c by v ; wliecce 
Differentiating this witli refcror.oe to the vavialjlo y, wo find 



^ — ' dx = . — dx. 
Integrating with reference to the variahle a, we have 
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y J d: 



(dP);;^ .-^ dil'ch), 



■hj - J ■ 



dij J dy 

By Tvhich we see that toe may differsnHaie leith refe^-ense tc 
another variable, the indicated integral of a partial differential, hy 
simply differenliaiing Ika quantity under (he fAgn. 



INTEGKATIOr-r OF DIFFE!lli;NTIAI, Efl^.'ATI0K3. 

1^2. These eqiistions ivhen of tlie iirat oi'dev, iind wiion dc 
rived from equations containing tut tivo vaiiflbiea, ivill appear a 
particular cases of t]i3 general fons 

Vdx 4- Qrfj/ = 0, 

find may of course be integiatcd as in aiticlo (108), when 



jmx + Y = C. 

lu practice, hoT"evt.r, it inJl m genirnl be foucd th'Ji, in con 
sequence of the diiappeiranco of ■i factor conn lo i to botli t^rnis 
of the <l3freientiil eq^atlon, or when the difiLicnti"J equntion has 
been obtained by the ehmmatioa ol a con ta^t fiom the piim 
itive and ita imuiednto diflcieutial equition, Art (66), this condi 
tion IS not fulliliod hone othei means of obt wins, tht mtegcal 
must bi^ ^oit_,bt f ji 



,y Google 



In tlie fiiBt place, it is evident that, if by any transfonnatioii 
the equation can be placed under tte form 



X being a function of x and Y of y, the integral can be found by 
taking tlie sum of the integrals of tie two tei'ms ; thus 

I'l'S. Among the most simple forms wiii. which we meet, are 

I Ydx + Xdy = 0. 

II. XYdx + X'Y'drj = 0. 

The vanables may be separated, in I. by dividing by YX, and 
in n. by dividing by YX'. The results 



are under the proposed forjn. In general, if the value of - 
diiced from tlie equation, be under the foim 



ivolia 



* = x&; „d ye^/xfe 
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1. Let ydx - xdy = 0. 
Dividing by j/.r, we \&ya 

^ „ ^ = 0, h-ly=C, 

ic y 

or miLking C = IC, we liave 

2. Let xfdx + dy — 0. 
Dividing by y\ 

/eiic + ^ = ; 

y 

integrating, and redudng 

x'n - 2 = 2C>J. 

3. Let (1 - x)ydx - {1 + yydi/ = ; 
whence 

ilSZ^d^ -lJ:ldy=0, 

_ 'ilx •\- x— Itf ~ y = 0. 

4. Let (1 + x')dy ~ ^fy ds: = 0. 
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5. Let xhjdx — (3)/ 4- I) V^dy =■ 0. 

174. III. In all cases where tho equalion is homogeneoun with 
reference to tho vaviables, thoy can be separated, and the equation 
placed under tlie proposed form. 

Suppose tlie gonernl foi-m of the given differential to ho 

hx"y"'da + B.V'j/'dy = 0, 

in which w-fw = A + j&=(/. 

Make \j ~ % and substitute ; wo thus obtain 

Ao^J^fte -|- Ba^Vt?)/ = ; 

dividing by .^^, and putting for dy its value, zdx -j- srds ; wo 
have 

dividing by (As" + Bi'+')a, we have 



which m under the proposed form. 

1. Let 3,\li/ — y^dx — xi/ds: — 0. 

Make y = sr, then rfi/ = zdx 4- mJi;. 

Substituting in tho given equation, wo have 
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reducing and integi'ating, 

xdz - z\lx = 0, - 1 - Ix = Q. 

Putting for z its value, we have finally 

;. ^ - (c + p. 

2. If ^^Jt-K^dy = ydx, Ix^ -- - Ixfl + C. 

X- y 2?/ V a,- 

3. Let xdy — ydx = ix -/^■\- y'. 

175, TV. Tlie equation 

(« + i^ + ,y)t;,^ + („' + h'x + .■y)dj. = 0, 

may be so ti'anaformotl, that tlie varialileB can bo sepai'atod and tlio 
integral foiind. For this purpose let us lualie 

^■= ( + 5 y^ti+S'; 

whence 

dx = dl, dy =: du. 

These vnhies in the primitive equation, give 

[a + lS-\-c&' -\-ht-Yci.i)dt->t-{a- -\-h'<i-\-c'ii' ■\-h't -{-<:/u)du~-^ 0. 

By placing 

a^hS + c5' = 0, a' + 6'<S + c'H' = 0, 

wo can determine proper values for t]\e arbitrary quaatitiea S and 
^', and oiu' eijxiatioii reduces to 
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{bt H- cu)dt + (p't + c'«)rf« = ; 

which being liomogeneous with reference to t and u may be treated 
as in the preceding article. 

This transformation is always possible, save when the values of 
S and S' become infinite, which will be the case only when 

he'— cb' — 0; 

wlicncc 

b h 

The primitive equation thus becomes 

adx + a'dy -h {bx + cy){da + ^dy) =r. 0, 

in wWch the variables may bo separated by making 

hz + aj = z. 

Substituting thw, and the resulting value of dy, the eijuation re- 
duces to 

If ic - *&' = 0, 

we have at once the integral 

, ^a'bz + h'%'' _ n 
"^"^ 2(a5c ~ a'V^ ~ ' 

in which the value of z is to be substituted. 
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ll6. V. In tiie equation 

dy + Vydx = Qd^^ (1) * 

P and Q being functions of a-, tlie variables may be readily sepa- 
rated by making 

2/ = ^X (2), 

X being a function o£ a, for which a jiroper value is to be deter 
mined. By differentiating ec[nation (2), we have 

dy = idX + X&, 
and by substitution in (I), 

tdX + X{d^ + Pid.r) ^ Gidx (3). 

Suppose X to have such a value that 

zdX= Q,dx (4); 

equation (3) then becomes 

X(<;: H- Fxd^) = ; 
whence 

~= -I'dj^; h=-fVdx, 

or taking tiie nunibora 



* WcTf:.— Equalious of this kind being ol'llic {ml dogrec wiiU rcrerKiice 
to y and dy, arc somolimes improperly called linear eqiisfions. 
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Fioiu equation (4), wo li.ive 

wjience 

X =/qe^'''dx. 
Tiiace values of z aod X, in equation (2), give 

in. Eqi5atioi)s of tho form 

aif^x'dT 4- f s^'f^.K -|- r.x''dy = 0, 
nmy r,ometimea be rendered Iiomogeiieoua liy mating 

?/ = A 
k being a eojisiant to bo doteimined. From tliis, we Ixavo 
dy = h^-'ds, If = a=^. 

Tlao^o values in tlio primitive equation ^ve 

az''-'":c"ds: + hx''dx + chx''x''-~'d>i = 0, 
flliidi will be liomogenoous, if 

te + n = jj = 5 -|- i — 1, 
tliat is, when 
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ITS. It has been romarlted, article (172), iLat differoiitdal equa- 
tions sometimes fail to fulfil tjje condition of integrability, in con- 
sequGDcs of the disp.ppearaDce of a coiamon factor. "Wtecever 
tliia factor can bo discovered, by trial or otherwise, tbe integral can 
at once fee found, as in article (T68). 

Let 

Vdi: + Q,dy = 

be a ditlerential equation, in wliich tlio condition 13 not fiilfilliid, 
and suppose that 



is the fiietov by tbe disappearance of which the given equation ha 
resulted. Tho iniinediate dift'erential equation will then be 



Fi:dj) + Q,zdy = 0, 

the condition 



rfPz___£Q^ 



:;■ the differentiation 



dy dij d.<: 



This equation expresses a relation between z, a; and y, but ita 
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soliilioo ill tlio general case is so difficult, tliat nothing will be 
gained by attempting it. 

In the particular case, however, where 2 is a function of a only, 
its value can be determined, as we shall then have 



dy 
md equation (I) will reduce to 



" llx "*' { d7 ^^] 



da } f^ _ ^^, 



But by hypothesis » is a function of x, therefore 

Cl\dy dx j -^^ ' 
hen 

vhence 

h =fXdx, t = e^'"' 

Lot tliia he illustrated by the example 

dz + Ixyd^j + %fd% = 0, 
n which 
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X being tlie 
must lie 






factor, tlio iinracdiato difTorential equation 



(Edx + 2^ydy + 2xy^dx = 0, 
which can be intcgriLted aa in ai-tidc, (US). 

In a similar way, if ^ :=f'ijj)^ its vahio may be determined. 



179. Differential ec[iiatioiis of the first order, containing the 
higter powers of dy, may arise, as in the last case of ai'ficle (66), 
from the elimination of the higher powers of a constant. Such 
i, after division by dx", may be put imder the form 



ix) \dxj 



,..U"' 



,..(!}. 



The determination of the primitive equation will then depend 
upon the solution of equation (I), or upon the division of tKe first 
member into its factors of the' first degree. There are n such 
factors, and it is pldn that each, when placed equal to zero and 
integrated, will give an equation between y and x which may be 
regarded as a primitive equation. 
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If, tlien, tlie "values of -i be donotod hy V, V, V", &e., 
equation (1) may l>e written 



(^^)(g--)(|-'")* 



■■liicli may bo satisfied by placing 



,..(2); 



and if tlie integTafe of these equations be denoted by P, F, P", 
r&c, respectively, wo sliall liave 



for the most general primitive equation, particular cases of which 
may be obtiuned by pladng P = 0, P' = 0, or tbe pro- 
duct of any of these factors taken two and two, or three and 
three, Ac. 

It would appear, since a constant is to be added in the integra- 
tion of each of the equations (2), that (3) ought to contain n ar- 
bitraiy constants ; but equation (1) can only bo deduced from its 
primitive equation by the elimination of the nth power of a con- 
stant : [Or by raising (-^ — V) to the nth power, in which case 

the primitive equation must be y ^fVdx}. It is plain then that 
the constants added ought to be equal, or that the same sliould be 
added in each integration. 

The 31 difFerentJal equations of the first degree which are factors 
of (1) are readily accounted for, by supposing the primitive equa- 
(ion to be solved with reference to C, which will have n values, 
each of which differentiated will give one of the equations re- 
ferred to. 
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Ah tlieie i\ ill l.e difficulty in tlio solution ot equation {1 ), ivlien 
the degree is higher than the second, it wil! be ■well to discuss 
some particular cases which admit of mt<^ijiabon by other 



180. I, If the proposed equatioii does not contain y, and it ho 
easier to solve it with reference to x than with reference to 
■^, which wo will denote hyp, we can thou ohtain 

^-/(P) (!)■ 

But 

di/ :^ pdx. 

and hypML'i, article (140), 

y = px - fisip =px - ff{p)dp + C ; 

whence, if f{p)dp can he integrated, p may bo eliminated by 
the aid of equation (l), and tho primiUvc equation hetween x, 
y and C, deduced. 

II. If tJie prO[X)3od equation does not cont-iin is, and may bo 
solved with reference to y, we shall have 



'J- 


= /(,,),.. 


P). 


•'!/="' Ap) 


or 


fi = i/(p); 


wlicnto 






d, -. *"<'■> , 




X = f''" '*' + C 
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Combining this willi equation (3), and eliminating p, a primi- 
tive equation mil result between x, y and C. 

III. Whea both variables enter, but ;/ ontoi-s only to the lirst 
powei'j we may take its valne in terms of jj and :c, differentiate it, 
and thus obtain 

dy = 'Rdx: 4- Sdp; 

or, since dy =^ pd.r, 

(R — p)da: + 8dp = 0. 

If this can be integrated, tlie result may be combined ^vith the 
proposed equation, p eliminated, and a primitive eqiiatio) 
y and x determined. 

Suppose the dedticed value of y to be 

y^T^+'i' (-1), 

in which P =; f{p). By difl'erentiation, we obtain 
dl\, 



C. + f^-o, 

which may be satisfied by maldng 

x+^= (5), or dp = (e). 



Equiition (6) gives p := 
whence by substitution in (4), 
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y = Ca- + C, 
C bejug what P beconies when p = G. 

Equation (S) expresses a relation 'betweeii a: and jj, and if it be 
combined with (4), andj) be eliminated, an equation between ar and 
y wiU result, which will eontdu no arbitrary constant. 

Let there be foi' a particular csampio 



ydx — !:dy == n')/dx' + dy^ ', 

V =f^ -{-ny/lXY'. (T), 

dy = pdx -\- xdp -]- . ■' ^ . - , 

Vi + y 



a- + . ^ = 0, dp = or ^1 = 0. 

This value of i> in (7) gives 

y = Cx -\- nVl + C\ 
From the othei' factor ive have 



which in (1), gives 
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f + =? = n\ 

a result containmg no arbitrary coiiEtant, ivliicli will be further 
explained in the following article. 



SINGULAa SOLUTIONS. 

181. Ithasb n tl ; If flit f ib 

first order reault Imtb Inint fa ntttnllj 
mitivo equation an 1 ts mn 1 at diiT iiti 1 Tb It 

/(^.y.C) = {!), 

Iw tbe jiriniitivo equation containing the variable.^ s: and ij, and tho 

Ms -i-QiJy^ (2) 

its immediate differential eiiuafioii, and 

Fii-B + q'dii^ (3), 

the result obtained by tbe elimination of C from (1) and (2). It 
may now be asked ; may not such a function of a; and y be substi- 
tuted for C, fJiat the result of the combination of equation (1) un- 
der thia aupposition, and its imtoediato differential, shal! be tha 
fianie as before? To answer tliis, let equation (l) be differentiated, 
r, y, and C being regarded an variables, ws thus obtain 

Tdx + Q(?y + C'dG ~ (4). 

Now ifC'dC= 0, it is plain that equation (4) ivil! be the same 
as equation (2), and the result of the elimination of C between it 

and (1), ivill tlien be the same aa equation (3). 
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If then for iTi oquatioa (1), 
doduecd from t'lc equation 



tliat equation T/ili ccctsin no iirbitrary con:;t^nE, iind yet will tie 
as mucli a primitive equation, as any one containing tlio arbitrary 
constant. 

Sueli rssiilts aro termed sinrjular soltitioTis, inasinucli as thoy can 
not possibly ba obtained from the complete integral, Art. (132), by 
aligning to tlio arbitmrj eoEstcnt a particiilar valiie; the latter 
results beiag called }xiHi(y!ilar integrals. 

'dio equation C'dG ^^ can bo satisfied, by malting 

dO = Q or C = 0. 

Tiia lir^t yives C = a goiistant, t-iicj partlcalcr values of which 
when substituted ia equation (1) give paKicuIar integi'al.'i. 

The Tallica of deduced fvom C = 0, if yariable, will then give 
the only sinjjnlar Eolutiona. 

To illuslrato, let its rca-jir.c the complete integral of equation 
t7), in the preeading article, 

j/ = G^ + «Vm3^ (5). 

Differentiating ivith rofcrc-nce to C, wo have 

= ^dO -i- ^£^ . 
Vl + C 
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Its negative vslue of being plainly the only one wliicli lyill sat- 
isfy equation (6), Its substitution in (S), gives 



y =^ yfn' - :i= or f -Y i>? = n% 

tlio singular solutioi! ibuiid in Ilia pveccdiiig article. 



IKTEGRATIOK OP DJPI'RRENTIAL Ed" 
THE SECOND ORDER. 



182, Of tkese equations, wliich in tlieir most general foiin 
ain — i., -1, J/, X, and coiistante, we i 
particular cases which admit of integration, 



tain — i., -^, J/, X, and coiistante, we ahall only discuss those 
da? ' dx ■" ' ^ 



T. The proposed equation may contain only — i-, x, anc 
stauts ; ill which case, sohdng it with reference to - 
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wlijch may he integivitecl as in article {16^}. 



183. II. It mjiy contjiiu oiily --rx' ^' ^"^ constants. Solv- 
ing tlie oqua.tion us before, we obtain 



fL - 



Multiplying hy Idy, 



dx dx 



and integrating, 



|l=/«* + c, o, l^vrpapro, 



y+o" J ■ 



Examples. 

a'd^y + yd^:'- = 0, 

dV y Idy (Py _ ^ydy 

dx^ a? dx dx 0? 



i=V"-i' 
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wbicli may bo integratsd as in case T, article (133), 
2. Let d'i/\/ay = dx^. 



184. 


111. Tlio equation maj 


' contain only -J, 

dx' 


dy 
dx 


and CO"' 


slants, t 


lulng expressed generally tlins 










\ 


<fV d,,\ 

dx'' dx J 


= 0. 


(!)■ 






Mate 


%-' 


tlicn 


7^ 


= ;^, and 


(1) becomes 






^(1' 


"> 


0, 






wliicli U of the first order with 
wiUi referance to dx ; wlionce 


refuini 


)ce Lo (Jp, and 


may 


bo solved 


dx 


= W(,,)dp.. 


(2), 


^. 


=/F'{p)dp + 


C... 


■m- 



MuliJplying (2) by^, we bavo 

pdx=dy ^-p^'[p)dp; y =fpV'(p)dp + C (4). 

EiiniinaUng p from (3) and (4), wo liave the ])riinitive equation 
between x, y, and tho two arbitraiy constants C and C. 

For an example, let 

(dx" + df-)' __ i^0:_ + P3l - a- 
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(! + ?■)* a+y")' 

Integrating tlie last two exprCBsioES, we Iiave 



juid cHniiniiting 'p, 

as ivas to bo expected, since the proposed equation expresses a 
ooiistEJit riidiiis of eurvature. 

18o, IV. If tlie given cqiuition does not contain y, it may be 



which is of llie livst order ivitli reference to dp. Its integral will 
gii'e an equation of the form 

in ivliich.p being replaced by -5^, and the result integrated, we 
Khali have 

/'(!,, <•) = 0, 
with two arbiii'ary cotistants. 
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For an example, lot 



d^y dy 1 



dp p ^P _^ ^^ 

Ip ~ lx+ G, p = C'x, 

^- = O'x, and y = — + C". 
dx ' -^2 

186. V. If tlie given equation does not cod tain *, it may be 
expressed 

^(t- !■')=» '"■ 

Since dy = pdx, 

dx = -i -^ ^^^ ^, 
p dx' dx dy 

and equation (1) may bo written 

which is ofiho tet order with reference to dpsaAdy. Its inte- 
gral will then be expressed 



^'{%')^ 
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187. VL If (lie equation bo of llio form, 



Mate 


y = ' 






..'■-, 




Tiiese values 


m (1) giv 


0, (« 


appears,) 










1 fuctor e^"''" dis- 



_ + M= + Xu 4- S' = 0- 
dx 

whicli is of tlic firet OTdcr with reference to du. After intogratioii, 
the value of u being determined and substituted in (2), will give 
the roq^uired primitive equation, 



integhation of differential equation: 
orders than the second. 



1 88. Of these, it ivill also he sufficient for our purpose to discu&'i 
II few of the most simple eases. 
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I. Knpiiose tho equation to coiitnin only --— , ■ -,, ■ 

stanifl, it may then be expressed, 



<0|3) = °- 






^" 'y ^ „ . tlien dy^dii^ 



Thcsa values in (]) give 



"P' 



ivhieli is cf the firat order, and ils integral will give u in terms 
of *, cr 



u = X + 0, 

imd fiiially, 



■/ =f"-'{X-\- cyix"- 



iGO. II, Suppose the equation expressed thus, 
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md oqiialioii (1) ivili become 



^(l^")^». 



ivhich may be integrated an in article (183), and the v;ibo tsf 
u = /(x) determined ; vm shall then have 

ISO. JTI. Suppose tlie equation to ha of the fonn 

A -f Ady*' + BfZyd.i'' + T>i/dx^ =:: (1). 

Make 

y = ^^ (2). 

u being iui arbiti'nry fiiiietioii of x ; then 

(fj- = e"{d?u + Zdudhi + tZ-u^). 

Thcsovr.luc3in(l)givc 

(Pm + Siv'arfV + dn^ + A(tt''u -j- cfM^)Eii; 

+ 'Bdv.dx' -\- Dd^' = (3). 

Since u in eqnation (2) ia arbitrary, let such a value be assignetl 
to it, that its clifferential shall be constant, in wliicli ease 

du = mda:, ^u =0, ^u = 0. 

Equation (3), raider this supposition, reduces to 

m^ -f Am- + Em + 1") =■-: (4). 
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.'I'om tliis equation we may determine the valuu of tho constant 
Denoting tlie three roots by 



ivo have for du the three 


values 


du -^ mdx. 


du = m'dx, 


v hence 




« ^ m:c + G, 


u ■= m'x + 


1J = e""+'^, 


V =-- f^"''"*''', 


)r calling 




e'-- =C, 


e"' = C, 


y = 0."', 


y =: G'c'"-, 



But since these values of y eadi contain but one arbitrary con- 
stant, they must he jiai-ticnlar casca of the general value of y, 
which must ho of such a form that cither of the a!)ovo particular 
Tallica can be deduced from it ; that is, 

fi'om whicli the fii'st particular value is deduced by making C and 
C" =^ ; and in a similar way, the othera. 

If two of the roots «:, m', in", are equal, that is, if Tii ~ m', we 

ehoukl have tho equation 

2/ = (C + 0')^"" + c"e'""' ^ c*"" + cr"-, 

containing btit Ireo arbitrary constants, C H- C being denoted 
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]^y 0. n. is not: tlion general. But in tliis case, y ~- Ge™ be- 
luga a particular value, 

1/ = 0'.«- (5) 

■will he anollior ; for, difiarentiating it, we have 

and these sutistitutcd in eqiiation (1), give 

{m' + Am^ + Bm + D>- + (3:re= + 2Ara + li) = (6). 

But the coefficient of x is the sanio as the first member of equa- 
Uon (4), which has two roofs eqiial to m ; and Sm^ + 2Am + B 
is its first derived polynomial, which, when placed equal to 0, must 
have one root equal to m (see Algebra) ; hecce both terms of (6) 
are 0, and y ^ CiK*™ satisfies the given differential equation, and 
must therefore be a particular value of the general one, 

y = Oe"" + C'xe"'' + C'e"""'. 

If jji ~ m' =; m", it may be shown also by trial, as above, 
that 



is a particuiai' value ; whence the general value must bo 

Two of the roofs may he imaginary, but as the discussion in 
this case ia quita complicated, and of little value to the sf udent, we 
omit it. 
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To illuatrate tlio above, let 

(?!/ + I'PyHx — dy(W -- 'iydx' = 0. 
Comparing this ivitli equation (1), wc liavo 

A=2, B=-l, D=:- 

aiid C',]iiulJou (4) becomes 

fft^ -t- 2h(= — hj — 2 = ; 



ai!(I Ihe gcncrid value of y is 

t; ^ Cc-'^ -1- C'e' + CJ'cr" . 

101. It is plain tliiit [lie pveccdiiig piineiplcs can readily be ex- 
tended to tie general equation 

d-'y 4- kd'-hjdx + Bd'-^yt^s' -}- MyiEs" = 0, 

iiiid that the general value of y ivill be 

y = CeT' + G'e'"'" + C'V""' + &c 

192. If the R<[mition ho 

d^y H- Xd=!/& + Ji'dyda? + S"j'iit^ ^ (1), 

ill which X, ifec aro functions of a;, the difSculty of integration is 
riiticli increased. If, however, ive Imow three particulaT values of 
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y, Gy', G'y", G"y"', each of ivliicli will satisfy tho given 
oquatioii, thea tlie general value of y will etiiial tlieii- Eum, tliat is 



y = 02/ H- C'3," + Cj'y'". 



To vei'ify this, let equation (2) he differentiated three times and 
flie proper values substituted in (1), we shall tlma obtain 



C{dY H- Xdydx + YJdi/dx' + X"y'd.-i?) 
+ C'(dY + 'S-dh/'dx ^- X'd\j"da? + X"y"ds?) 
+ G"{dY" + XiPy'-'dx + X'dii"'ds? + X"y"'dx^) _ 



which in Ba.lisried, since each, of Llic three terms ii hy hj'potliesia 
equal to 0, 



103. The !lbo^■e domonati-;ition can be g 
result obtained for tlie equation 

d"y 4- Xd''-"'yd.v + -yS'"~ 



Tliis, and the equations discussed in the tlireo preceding nrti- 
;les, belong to the class termed linear. See note to article (l76). 



INTEGItA'l'ION I 



LTIAT. DIFFERENTIA 
HE FIRST ORDER. 



EaUATIO.NS 



104. A partial diiForential equation of the fet order, derived 
from an equation between the three variables i, y and a;, z being 
regarded as a function of x and y, contains in its most general 
form, the three varialiles, the two partial differential coefficients, 
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. — and — , and conatanta. Without attemjiting to discuss the 

da: dy 

most general, we will confine ourselves to a few of the most simple 



L If tliQ ec[imtioii oontaiiia but one partiiil differential coefficient, 
and the two itidcpendent van;iblos, that is, if 



P being; a funciioii of x and y ; we integrate at once as 
(ICG). For example, if 

di X , ,^ 

X. ■= -TT^=,^ % = ^£ -^f^ Y. 



]9g. II. Let the equation he 



BU ^riiinl J f 11 thu variaLlos. Since the partial dif- 
feipntnl coefficient has bten obtained under the supposition tbat 
1/ 13 consLsnt, the prt josod eqi ation may be regarded as a differ- 
entnl equation between z ^nd i, and may he integrated as in 
article (I'ZS), taldngcare to add an arhiti-ary function of y- 

I^ samples. 
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By tte sejiitratioii of tlie variables, we have 

iiidby integfiition 

^ = _ y?"^^^ + ^ {y) 



100. ITT. Let tiie cqu:itJon be 



M and 'S being functions of e and y. 



d-i __ H dz 
dy H dx 



I3 a fiiiietjon of a and y. 



*=|c'-4*> = S(^"^) » 
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abO ISl'EOEAL CALCULUS. 

If S bo tliu faclor ivhicL will maliO Mi^i' — Kdy iiil.ograljle, 
may ivrito 

S(MAf ~ Ndi-) = du, 

which in (1), gives 



to satisfy whidi, it ia only noco^'iaiy Lliat . ^ -=:^ F(«) ; whcaco 

d. = F(,,)i« L == K«), 

tliQ form of this fiincUon boiiig arbitrary. 

1. If A_,* = o, 

dy ds 

Mih — NrfT/ = si?.!^ + T/dy, 

whicli h TOflde iiitograblc by the fiictor 2, and we liavo 

s'' -j- y^ = ", and s = ip(;c^ + y'), 

which is the genera! equation of a siirfaco of rovolulior.. 

vivy be integrated by the aid. of tho factor _ ; ivheiice 
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RECTIFICATION OP CtTEVES. 

197. Tlie operatioa by whidi tie length of a curve is i 
rained, is called its rectification ; and when a right line c 
constineted equal iu length to a definite portion of it, the cii 
said to be rectifiable. 

If a and y are the co-ordinatea of any point of a, ctir\'e ; 
hwe, article (8(i), 



<h -— s/dx^ + dy"\ or k ^^f'-i/dj? + dif, 

which is a general espyession for the lengtli of an indefinite por- 
tion of any curve. 

In order then to obtain the length of a particular curve ; we 
differentiate Us equation, and hy comHning ilie result vnik the 
given equation, deduce the value of dy in terms of a and dx, or 
of ds! ifi, terms of y and dy, and mlstitute in the geTieral es^res- 
sionfor the diferential of an arc. This will Uien contain but one 
variaile and its differential, and the integraZ will express the hngth 
of an indefinite portion of the curve. 

If the length of a definite portion l)0 iof[iiirid, lA i int "n il niiat 
be taken Ijetween the linuts, desigiiated by the two fillip's of the 
vai-iahia belonging to the extramitie.s of tliia definite portion, Art. 
(132). If tie expression thus obt'iined can he conitructed goo- 
mctiically, the curve is rectifiible 



,y Google 



108. Lot Uicsa principles be applied to Uie rectification oftlio 
parabolas given by the general equation 

This can be written 

y = p-;,jcr, ■:= p'x' (1). 

By differentiation, we bayo 



This admits of an integral, in a flnile number of algebraic terma 
and may be constructed, when either 



1 


■ ~(^^4) 


13 ec[ual to a positive wliole 


number, Art. (Id-';). 


Denoting these numbers 


by A and 7/, we have 


i;^-' 


-(^+1)-^ 


whence 




2k + 1 . 


»na ,■ '^ 



These values of r in equation (1), give 
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Whenevei' tlie equafion is a partieiilar cuss of eiLlicr of tiiese 
forma, the parabola represented by it ia rectifiable. 

As tlie secoEii of equations (2) will become of the same form aa 
the first, by changing x into y and y into x, they will represent 
curves of the same kind, and all the eases of rectification may 
therefore bo deduced by tlie discnssiou of either. 

If in the first, we make t = 1, we have 



wliiob is tlic equation of a cubic parabola. In tliis c 



Tf "we wish tlio length, from that point whose atsclwa ia a, ia 
that whoso abscissa is 6, we talce the integral bctivcon the limits a 

Let us, however, estimate the arc from the vertex, or suppose 
the origin of the integral to he » = 0, Art. (132) ; we then have 

0^^_ + C, or C=-^-^; 

27jp'' 27p'' 

whence, denoting tHs particular integral by z', 

27j9'^ '-^ ^ 4 ' ' -'' 

for the length of any arc whose abscissa is x. 
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199. By differentiating the equsition 
if = Ipx, 
we obtain 

P 
This value in the expression ^ =X y As? + d-f, gives 

% =fdyJ ] + ^ = -f^y{f + 3/')''. 
\ f p 

which by formulu © may ho reduced to 



2 J V 



■Vp'' 4- »i 



/ 'T^rr^ = ^(A'yTl? + y) + Alt (IM) ; 



hence 



2;; 2 



If we estimate the are fvom Uie vortex, ivIicTe y = 0, wc have 
= Z Zp 4- C, or C = — I. Ip, 

and finally, denoting the particulai- integral by z', 
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^„^ + |P(V? + 7 + „-M, 



mliieh is trans cendental and caii not lie consti'ucted. Hence the 
n ])ai'abola is not rectiiiable. 



I'OO. For tho arc of tlio cirda, we liave, Avt. (36), 

wliicli ru'i OH^y Si: cxj>ressed by a series and tliercfore admits of n. 
constmction. 

Differentiating tlie equation of tlio ellipse, we deduce 
ay =^ ^ — ax ; 

ay 

whence 



wliioli can only be expressed by a scries. 

201. The differential equation of tlic cycloid, Art. (114), i 



]?y the substitution of this value of dx, we obtain 

• 2i-y — y 
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whence, article (129), 



£ = _. 2-\/a/{2f — j/)^ + c = — a-v/^K'-^r - y) + 0. 
If wo estimatu tlic ai'c from tlie point D, wliere y ~ 9r, w^ 



= + 0, 



C^O, 



nnd 



s' = DM ^ - 2vTr(£i- - y) (I). 

From the tiguve wc seo that 



DM = - 2DP, 



or tho are is reclifiable and equal to izake the con-e.ipondin</ chord 
of the generating circle. 



If in equation (1) we make y = 0, and denote tlie definite ii 
tegral by i", we Jiavo 



n article (US). 



202. For tlie leclification of the spirals we take the expression 
in article (120), 



d^ = -y/du? + u^dl". 
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By differentiating tho general equation u ^^ at", ivo 

dtduca 

whence by substitiitiou, &c., 

For tlio logaritlimic, spiral, wlien M == 1, we have 

t = lu, dt :^ — , 

or, estimating Iho arc from tjio polo, where « ~ 0, we have 

.■ = .Vi, 

Of the diagonal of ila square upon ike radius vector, 

qi:adratt:re of curves. 

203. The quadi'ature of a curve is the operation by which the 
area included within, it is determined; and a curve is {jitadrahle 
when 3 square can he eonatracted equivalent to this area. 

la ai'ticle (88), we have 

Js = ydx, OT s =fydx (1), 

m which 5 I'cproseiits tlie indefinite area limited by the curve and 
the axis of X. 



,y Google 



'J.'o obLain the v^ilue of s for any particular curve, we tale Ike 
value of ij in /eims of x from the equation of the curve, or the 
■odlue of da: in terms of y and dy from its differmlia.1 equation, 
and mlstitute in the formula s =fydx; the remit oitained 
by mief/ration will he tlie indefinite area. 



" 204. The Yalue of y talton from the general ef[iiatioii of para- 
holas, Art. (108), is 

y=p'^' (1)- 

wliioh, ill the formula, gives 

If we estimate the area from the origin, wlicrc s -■ 0, 
we have 

= 0; 



^, ^^V+;' ^ yx 



ihac is, the firea of a ^wrtion of a pai'abola, iBcluded hetiveen the 
curve, the axis of X, acd any assarned ordinate, is equal to the 
j-ectanglo of the ordinate and corresponding abscissa, divided hy 
V -I- I. Hence all parabolas are quadrable. 

The same result may be obtained otherwise, thus : The value 
of ic from (1) is 
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smil this, ill the formiilsi, gives 



../. 



thl 1 1 -+l ilX, r\ 



For the commoa paivilxila, "we have »■ = ■}; -H-lienco 
,_ ijx _ 2 

For tiie cubic parabola, r = f ; wlioiice 



/ 2 






205. The value of «/ taken from tlie equation of tlio eHipse re- 
Forred to ibi centre and axes, is 



'j = "-vr-. 



V (,.--=/)%,, 



15y fonnula IM9 we liave 



/(ti^ - sf^dx = ^.,<a" - :vy + «y&{a= -- :t=) ' 
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Bttt 

whence, fin ally, 

ivhicli can not be consiaiicted. 

Taking the area between fiie limita x ^ f> and a' = «, 

.■"-^T "~^\ for :i; = 0, 5 = — Bin-' + C = C ; 

for I = o, 

and for the difference, or definite integral, 

s" = --tf = CDB = itli of tbe ellipse ; 

licoco tlie entire area is iraS. 

If a := h, the ellipse becomes a circle of which a is the 
radius ; whence the area of tlio circle is 

•rfi^ z= < (i'adius)\ 

Tlie same result may be obtained by taldng the value 
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y = ^/irx ■ 



s =fdxV^rx — /; 
for tlie ai'ea of an indefinite portion of the circle. 



200. In ovdeT to find an expression foi' the area of a portion of 
t!io hyperliola, it will be heat to take its ec[nation when referred tu 
the centre and asymptotes, 



and, since the asymptotes ai-o obhqiie to each otJier, we raust u 
tlio forrania deduced in article (88), 

eh = sin a ydx, 

a being the angle included by tliu asymptotes. 

The value y = — being substituted in the 



ds =: sin u . — '- ; wlienee 

If we call tha distance CB = 1, 
and estimate the area from the or- 
dinate AB, for wliieli x = 1, ^va 
have 

m =1 and C =^ ; 
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,s the modulus of a i 



"' = log ^ ; 

or, iho area hetwem the curve and asymptote estimated from tlie <yr- 
dinate of the vertex is equal to the logarithm, of the dbsdsaa of its 
extreme point, taken in a system wliose modulus is the sine of the 
angle made hy the asymptote's. 



30Y. Tlie value of cb taken from the differential cquaiiou of tlici 
cycloid, and substitntad in the expression s =fydx, gives 



'-/ 



■\/2!-y — 



which can ho reduced hy formula ISg and finally integrated. 

A more simple method, however, is to obtain directJy the e 
AiD. If we denote 



shall ha^■e 
d ALP'M = 



:: (2;- - y)d3: = di/ ■y/-2y'/ ~ y' ; 



8 =Jdy y/iry ~ f. 

But tills is evidently the atea of a portion of a circle whose 
I'adiiis ia r, and abscissa ij. Art. (205) ; that is, the area of tie 

segment cm. If ive estimate these aTea--. ; the fiist from AL, 
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and Llio second fi'om tlio point C, tliey will botli be 0, -wlicn 
y = ; tho arbitrary constant to be added in each cjiac will tien 
bo 0, and we have 

ALP'M = Ol'll, 

and when ij — 2)', 

AID = CFI) = !r. 
2 

i3iil tliG area of tlio roclanglo 

ALUG --= AO X CD -^ mr.ir = 2«''; 

Jjer.cc 

ixrea AMDC = ALDC - ALD ^. -| cr", 

double of whicb, or the area included between one branch of tbc 
cycloid and its base, ia equal to three times the area of the genera- 
tinff circle. 

From tbis we set alao, tbit the ai'oa, included between ono 
branch of tbe cj'cloid "ind its hi c, i equal to three fourths of the 
rectangle described upon the base and axis, and this particuhir 
area wonld therefore appeii fo be qtiadrable ; but in reality it is 
not BO, for tbo base of this lectangle is the circumference of the 
given circle, to which it n not possible to construct a right line 
equal. In fact, y being the independent variable in the equation 
of tho cycloid, Art. {114), it is impossible for any assumed i-.iliio 
of I/, to construct the corresponding abscissa, and thus the position 
of the points 0, B, &c, can only be determined approximately. 

9m. For the logarithmic ciiiTe 
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J^ JieiiOT 



%j = log X ; 
; = /log X dx, 



\ s = arlog ffi - M.C + C Art. (140). 

M being tlio Tnodulua. 
If wo estimate from the point B, wliere k = 1, we have 
0=-M + C, C = M, 



s' = K log a: ~ TvLt; + M. 

Tf wo tfllte tJio area included between ilio oiirvo and asia of Y, 

s =fxdy =/a^M~ = M* + C, 

)r estimating £cora tlie linu AB, for whicli x = 1, 

C = - M ; wlicnco s' = M(^ - I). 

If x= 0, we liave s" = - U = urea Y'ABM'. 



Tf ffi = 2, 



' = SI = Mea ABMS'. 



209. Tlie cuiTO given by tlio oqiiatio" 



^ to whicli, as ill tlie figure, the .1x03 of eo-ordinates 
^ are asymptotes, preseafs a case worthy of notica 
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By difFeroEtiatJon, wo olitaiii 



J y^ y 
EsUmatiiig tJio area from the Ihio AY, ivliei'c y - 
= -- + C, 0^0, 



I!y malting y -= I = MP, wo Ii;tvo 

s" = 2 = APMD ; 

Lliat i^, the arcii Al'TiID is finite and cqxiai to twice tlio sqimre 
APMC, although the cavve doss not toncii the axis of Y at a finite 
distance. 

If we talie the area between the hmits y —■ I and y ~ 0, we 
area PMl'X ^ A _ 2 = co . 



310. For the quadrature of spirals, wc t/ike 
■i-='™ Art, (120), o, ' = f'^ (')■ 
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Tlie value of ■w' taken fi'ora tlie general eqiiatjoii of spirals, Avi. 
(121), is V? — aH"". Tiiis substituted in formula (1), gives 



^ " J 2 4n + 3 "■'" ' 



Estiinal.ing tlio area from the pole, ivliere ( = when n v. 
jjositiye, and to ivheii n ia negative, vre have, in all cases escepi 
wlien n is negative and numeilcally loss than ^, ^; 0, sud 

~ in + li ' 
Foi' tlie spiral of Archimedes, to = J. and n =^ — ; whence 



If in this we make 




PMA included witliiii the £i«t spire, or 
thr.t deBcribed Ly ono revolution of the 
radius vector. Sinco PA =^1, v ra- 
presenfs the area of the circle PA : 
hence 

sireaPMA = -L of the circle PA. 



3 (2tf), Avo !iav(> 
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whidi is tte wliole area desaibed by die radius vector during two 
revolutions. But it is plain that, during the second revolution, 
tto part PMA will be desoiibed a second time ; bence, to obtain 
the area PAM'B, we must subtract that desovibcd diu'ing tbc fifst 
revolution ; we then have 

TAM'B == A^ - -r ^ Iff ; 
3 ;i 3 

and in general it will be seen, that by eacii reroliition of the 
radius vector, the area beforo described will be increased by the 
area from the pole out to tlie last epire ; hence, to obtain the area 
from the pole out to the mth spire, from the whole area described 
duruig m revolutioBs, take the area described during m — 1 
revolutions, or take the integ;ral between the limits 
I ~ (^m — ])27r, and t =; m2if, which gives 



The area terminr.ted by tlw {m H- l)th epivo is thea 



and tlie diflerence between the two e 

duded between the mth and {m, + l)th spires, thus 



{m H- 1 )^ - S'^' + (m 



K j» = 1 in this expression, we have the area included be- 
tween the first and second spire equal to 2tf ; hence, in genera!, 
the area between the mth and {m + l)th spires is equal to nt times 
that included hetween the first and second. 
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if the atea PAC be required, AC being a portion of tbo 
second spire correaponding to the arc AD = — , we siiould 
have for tie whole area generated when the generating point hiis 
arrived at C, since i = So- + — , 



.>lll, 



from ■vvhicli, subtracting tlie area PMA, wo have 

AVC-.^\11Z1^('^1 = 1(1+1 + 

m- if we call AP (wbleli hag been regarded as unity) r, 
APC = 



=-i(-^^.^> 



If AC' = — circumference = — , tliGn n' = 4, and 



--7('+^^s>' 



For the Jiyperbolic spiral n = — 1, and tho gonoral valuo 
of s" becomea 



which is infinite when t ~ 0. For tlie integral bctweea thi; 
limits i = b and t = c, we have 



,y Google 



In tlie logaritlimic spiral, when M = 1, 






■r estdmating from the pole where li = and C — ; we have 



that ia, equal one-fourth the square descrihed upon ilie radiuH veclor 
of the extreme point of tlie curve. 



AREA OP SURFACES OF 

211. Ill ajticle (89), we have found for tho differential of the 
area of a surface of rGvohition du ~ 2^i/dx' + dif; whence 
for the indefinite area, we have 



M =f2inj Vda? + d'f (1), 

tlie axis of X heiiig the axis of revolution, and ■\/d:e' + d'f Ihe 
differential of the ai-c of the generating curve. 

The indefinite area of any pai'ticulaj- surface will tlwn be ob- 
tained, hj deducing from ike equation and differential equation of 
ihe meridian or generating curve, the values of y and dy in terms 
of X and dx ; or of dx in terms of y and dy, and substituting in 
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formula (1). The remit of the iniegralion will he the area re- 
quired. 

212. Let tho line AC, by its revolution about AB, genei'ato t}ie 
Buiface of a right cone. 'ITie oiigin of co-ordinates 
^^ baing at A, the equation of AO is 






dy = adx, 



tbo area from tlie vertex, wbero a. ~ 0, wo liavo 



Making x = AB = h, we Lave tlio area of the ci 
tude is A, and the radius of the base BO =: 6, 



: ira?i'-l/a" -\- 1, 



.bat is, the circumference of the base into half iJie side. 

213. From the eijuation of the circle, we have 

/— — — , J (t — ^)dic 
y = V 3rs - x\ dy = i— '— . 

Tha smfHce of the sphere is thou 
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= fi"J\fil 



Tating tho ;irea lietweeii the limits a: ^ 0, and a ~~ 2r, 

u" = 4'T/'^ ^^fourffreat circles, 
214, From the equation of the ellipse, we have 

y = -VoT^^Z '% = — -^"^ i 

whence for the area of the ellipsoid of revolution, 
„ =f3^dx^a< - {a- - Vy 

or placing —ILy^a.^ _ 1,1 — C, and - ^f: ...... — Ti'\ 

But /(IkVE'^ — x^ = area of a circular segment whose ra- 
dius is R', and abscissa x, Act. (88). Integrating this between 

tlio Emits X = 0, and a; = CB = a, ^o 

and calling the segment CBPG- = D, y/^ [ ^x 



ehave 
u" ^ CD = i area of Ellipsoid. 



1\ 
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S02 I.\TEQKAL CALCULUS. 

If a ~- b in the primitive value of M, we sJiaO have 
M ^=f2va(Lx = 'lirax + C, 
for the surface of tte cireumscribirig sjjliero. 

Let t!ie area of a pnraboloid of revolution ho doiewiiiiied. 

214' By the substitution of the value of (tc, Aii. (201), iu the 
general expression for i\,, we have for the surface generated by the 
revolufion of a cycloid about its base, 

M — S'T ■\^rfydij{27- — y)'^. 

riaeing 2r — y := %, and integrating as iu ArL. (131), ive have 

u = 2^V^r{- ir{2T - y)^ + |(2r - yA -f C. 

Taking the area between the limits y — 0, and y ~ 2r, wo 



for one-half the Eurfhce. llie whole is 
tinff circle. 



CUBATURE OF SOLIDS OP REVOLUTION. 



215. Tlio operation by which the solid content, or solidity of a 
so^d, is determined, is called its cubature. 



For the differential of a solid of rovolutioi 
Art. (90), 
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in which y and « represent the co-ordinatea of the curve whicli 
generalea the hounding surface, tie axis of X being the axis of 
revolution. 

For the cuhaturo of any particular solid ; we find, from ilie equa- 
tion of its ineridian curve, the valiis of tf in tei-ms ofx; or from 
ike differential equativii of the curve, the value of die in terms ofy 
and dy, arid substitute in fJis above formula (1) ; ^ result of the 
inteffration laiU bean expression for an indefinite portion, of the 



216. Let the rectangle ABCD revolve about AB and generate 
a light cylinder. The origin of co-ordinates being at A., the eijua- 
tion of DC will he, 

then 



V '^f-ay'dx =f'xh\U = T.-b'-x -h a 

Tailing this between the limits s: = 0, md a = AB = h, \ 
have 

J)" = ff&7i = the base into Hie altitude. 
217. The equation of tlio ellipse gives 

whence foi' the ellipsoid of revolution 
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Esthnivting tlie solidity from tLe plane throiigli tlio centre, por- 
piiiicliculai' to tlie transverse axis, we liave a = 0, (J ^^ 0, and 

iilakiiig X := a, we obtain far one half the solid 

;iiKl for tJie wliolo 

-irfffl = -rfx 2a; 
01', equal to tiBO-ihirds of t/te circuinscribiny cylinder. 

If tlie came ellipso rovolve about iia conjugate axis, we hava 

which between tlie limits y ^= — h and y :^ I, gives 



The latter solid is called the oihle splieroid, and the former the 
prolale sphm-oid, and wo have the proportion 

the pi'olaie ; the oblate : : _-*6°« : —•sx'h ; : i t «. 

If m either expression a — i, we have 

„^(!' = solidity of a sphere. 
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Let tlie oi'igiii lie now t;ilteii at A, wlien 
f = -^ (2m - ^), 

irnd tlui Kolldity he tietermincd. 

Give ako tlio ciibuture of a Kjihere dii'ectly, hj using tlie equation 

J- + .' = ,■•. 

218. €ive also the ciibaturcs of tlso following- solids of rcvolu- 

1. TliG riglit cone, n" = Lmc X i of altitiido. 

3. TliG pju'aboloid, v" = i circumscribing ejlir.der, 

S. lliQ solid geiiertited by a given portion of tlie common pai'a- 
bolii rei'ol\ing aboiit tbe tangent at its vertex, 

v" = } cylinder with same base and altitude. 

■ 4. Tke solid, the bo^inding aurface of which is generated by 
the curve whose equation ia if =: -■ 

o. The Roli<l, tlie bounding surface of wdiicli is generated by 
one blanch of the cycloid revolving about its base. 



APPLICATION OP THE CALCULUS TO SUBFACBS. 

219, Since tlie equation of every surface expresses the relation 
between tte co-ordinates of its poinbs, it must contnin three vavia- 
bles, and may be generally wiitten 
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TKGBAL OALCUIUS. 



. = F(.,j,^) = (1); 



or since either two of these variahlea may bo assumed at pleasure, 
and the remaining one determined from tlie equation, the latter 
may be regarded as a fiiucijoa of ihe other two, they being entire- 
ly independent of each other, and tlie eqitation of the am^ace be 
thus otherwise expressed, 



''=A',v) (2). 



■nsidored, a will be regarded 
orilinate pUinea will be taken 



111 the equatiou of every surface ■ 
aa a function of x and y ; and tlie ci 
at right angles to each, other. 



The differential equation of a surface may then be obtained, 
either by differentiating o<[iialion (1), as in article (54), or by 
differentiating equation (2), as in article (40). By tlic latt«r 
method we obtain 



* = J^-' + J*^- 



'?)■ 



220. Let M he smy [loint of a 
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suirface, a portion of ivliicii is re- 
presented in the annexed fgure. 
The eo-oi'dinates of tliis point 



Let a plane be pa^'sed tlirongh 
M pai'allel to TZ. Tor every 
point of this plane 



If, tlien, in the equation of the 
Eiirfaee, wo make x = x" , and 
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suppose 2 anJ. y to vary, they can only belong io points in 
the CUVV6 dMd', tho iiitemection of the plane and surface ; and if 
we Bupposa y to receive tlie inci'ement CO' = k, we aiiall have, 
by Taylor's formula, 

i-O' =/(>",, + J.) =M-|i + If, + to., 

in which x is regarded a.5 constant and eqrial to s". 

In tho same way, if y = y" in the equation of tho surface, 
and s and x vary, wo shall have the curve eWS, and if a! 
receive the increment hi' =^ h, 



If now K and y at the same time receive the increments h and 
k respectively, we have, Art. {4C), 






by maldnjr 

d^~'^^' dy^P'' d:?"'' ""^ 
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303 IKTEOKM <;,■ 

WliQii z — x", equjilioii (3) gives 

d^=-^^dy = iydy, ov £^=p' (-)), 

er[iiatioiia whiuh evidently belong only to tlio Bcction rfMrf' 
parallel to YZ. 

If 1/ ^= i/'j tlio corresponding^ equations for tlie section paral- 
lel to XZ aro 



dx d'M 

. the tangent of tlie angle 
■which ii tangont to the section i^Md', at any point, makes with 
the axia of Y, or with the plane XY; and -r-i equation (5), the 
corresponding expression for the Eection eMN; and since those 
angles are the same aa those made by the curves at the point of 
contact, with XY, tliey give the inclination or slope of the suiface 
in the direction of these curves. 



221, If it be rocLuired to find the slope of the surface at any 
point, as M, along the section MM' made by the plane MM'PP', 
we take the equation of this plane 

^ = ctK + /3 (l) , K indeterminaie ; 

a being the tangent of the angle made with the axis of S by 

the trace PL", and eqna! to -=— = r ■ 
^ dx h 

Now m order that : shall represent only tlic ordinates of points 
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ill tby EcicLion MM', the relation expressed in equatioii (l) must 
exist between tlie variables a and y, and we must have 

(7y = adx, 

whict in e<iuaUon (3} of article (210), gives 

rfs =; (j) 4- ap')dx. 



The limit of the i-atio -^^-.sta-, is oridently the tangent 



M'P'j _ 

the angle (S) wliich the tangent, and consequently the c 
the point M, makes with PP', or with the pkne XY. ' 



: ■/i"Q' + PQ' = hVl - 



" kVi- - 



the limit of vdiioh if 



-/l -I- a' '^^ Vi + a* 

To find the direction in which the section MM' must bo mriclc 
in order that the slope at a given point M, along the cm-vc cut out. 
he gceater than along any other, it is only nceeaaary to obtain that 
value of a which will render the expression 

P + py 
I, the raJuesi o? p and^ being taken at the given point 
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M. DilliiienLi.iLing tlie exiiresHJOH wHli referei 
the result equal to 0, «a have 

V' ~ }^ ^ 0; 
(1 + '^T 



j)' — ;)a = 0, n, = i- . 

P 

This value of « substituted iu oquation (1), (/3 being first defer- 
mined by tlie condition that the line PP' shall pass throiigli P), 
will give an equation, which, eonihiued with that of the surface, 
will determine the line lii greatest dope. 

222. The co-ordinates of a given point M, being a^', y", and s" ; 
the equations of a tangent to the section parallel to XZ at this 
point, will ho 

and to the section parallel to YZ, 

in which m and n renveaent what — and — , equaWona (5) 
dx ay 

and (4) of article (220), become, when .r", y" and a" are substitu- 
ted for X, y and %■ 

The line, of whioli the equations are 

is perpendicular to both of tliese tangents, and, of course, to their 
plane, which is tangent to the surface. This line is then a nor- 
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mal to .the surface at tlie given point. Tlie Gquntioii of (i piano 
passing tlivough. ttis point iii 

A(« - X") + B ij,-y'') + 0(. - 1'<) = . 

To make Lliia plane tangent to ilie surface, it is neceesaiy to ia- 
trodnce info its equation tKe conditions that it bo perpendicular to 
tte normal, ivliidi are 



~ ,v ~ :.") - «(J - .,") + (, - i<) = 0, 

or Kubstitutini}' for m r.nd n their values, -;-— ■ anrl -^— ■ , and 

dx» dy" ' 

reducing 

£;(^--)+^(.-rt-(^--)=o (1). 

The equation and differential equation of tlie Ellipsoid are 
Mi:^ + W)/" 4- 1^ ~ P = 0, and Mirf« + '^ijdxj + 'Lxd's = \ 

wienee 

(fe" tix," ilz" 'Ny" 

dx" ~ Ms"' dy" ~ M»"' 

wliieh in equation (1), after reduction, give 

W(ar - ^") + %"(y ~ f) -I- Ars"(= - s") -^ 0, 
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- Lx"^ - %"= — M;"= = - P, 
Mzz" + l^y>j" + L,r,r" — 1> = 0, 
for tlio tangent ])Iano to tho ellipsoid at a given poinl. 

If M = N" = L, we have, for tlie tangent plane to tlii; spliei'e, 

^z" + yy" + ,!:r" - E= = 0. 

l.lie distance from any point of tlie normal (o tlie point of 
contact is. 



Tl = V («! -■"'? +{3- !/"T' + («-!!")■ 

= {."-.)v/r+rfT.'?: 

If ^ - 0, lye have 

for the distance from t]iB point of tlio normal in tho plane XY, to 
the point of contact. 



223. One siuface is oscillatory to anotlioi', when it has with it 
a more intimate eontsict than any otliei' surface of the same kind ; 
and tho conditions which must exist in order that a surface, given 
in kind only, atail be osculatory to a given surface at a given point, 
cau 1)0 detcrmiued by a method similar to that pursued in article 
(97), But from the nature of the case these conditions are more 
numerous and complicated, and theh' determination more difficult ; 
so mueli BO as to render osculatory surfaces of httle use in tho 
measure of curvature ; henco another method has been devised 
which v/ill now he explained. 
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Let M be any point of a sm'fiice, at whicli it is proiiosod to ck 
amine tlia ctirvature. Let this point 
be taken as tlie origin of co-ordinatea, 
and let tlie normal at this point be the 
ai-ia of Z, tiie axes of S and Y having 
any position in the tangent plane 
XMT. The equation of the surface, 
Art. (219), will be 



= A-, y)- 



...{!). 




Through the normal let any plane ZMX', maMng an angle if 
with, the plane ZX, be passed ; it will cut from tlie anriace a curve 
MO. For any point of this curve, as 0, denoting the abscissa 
MX' by x', we shall have 

{% 



and those vahiss, substituted in equation (1), will evidently give 
the equation of tlie curve referred to the two asea MZ and MX', 
K'ow hj varying the angle p, all the normd sections at the point M 
may be obtained, and by examining the curvatures of these diiTei'- 
ent^Beciaona at the given point, an accurate idea of the cnrvatino 
of the Burface may be formed. 

The general expression for the radius of curvature of one of 
these sections, Ait. (105), may he put under the form 



_(:-^ 



Differentiating equations (2), wo have 

dx = da' cos <i>, (hj ~ dx' sin 9 (4); 
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S14 INTHfiSAL CALCULUS. 

and substituting tlieso Tallies ia ec[uation (3), Art. (210), 

cte = pcoaipth' -h p' sinifdx', or — =pcoatf '\-p's,ma (o). 

Diffei'entiiiting agrjn, reeollectiiig tLat p and p' ai'a iinplioii 
fonctions of ^, we Iiavo, Art. (220), 

(Tz {dm ,Ay\ , . f ,dx , „dy\ 

,.,,■,. dx , ihi 

or smce ec[uationfi (4) giv6 — rr; co:i ip Giid -^- = sin 9, 



If these values of -~ and ^ be substituted in c>;preiBioii (S), 

wo shall havo the general value for the radius of curvature of any 
one of the normal sectaoaa. But aa we only desire this value for 
the point M, we may first substitute tho co-ordinates of ttis point, 
wHdi arc 



and since the nonnal at tbis point coincides with the a,-:Ia of Z, wo 
must also have, Art. (222) 



aubstitiiting tliGse values in equations (5) aid (G), and the restslii 
in equation (3), wo obtain 
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INTEGRAL OALCli'l.US. 315 

in which q, q' and q" are what the p:!i'tiiil differential coefficienta 
of lie Beeond order of the function s Ijecome, wlien ia substituted 
for », y and «. 

Dividing by cos" ip and recollecting that = 1 -1- taiig^ 9, 

cos ?> 

tijs vahie may be put under the form 

R = ' + '"g^ (S). 

q + 2q' tang ip + q" tang ip 

"We have taken the positive value of E, Art. (105), aince, as the 

surface is represented in the figure, the sections are above the axis 

of X' and convex towai'ds it ; — . must therefore be positive. Art. 

(83), and the value of E positive, as it should be when Isud off 
from M above the pJane XY. If the section at the point M lies 
below the plane XY, it must still bo convex towards tliis tangent 
plane ; —— will be negative, and E negative, and must therefora 

be laid off from M below XY. 

By assigning all vaSuea to ip from to 360° in equation (8), we 
shall obtaia a valno of E for each normal section. Among these 
values there miKt be one which is gTeater, and another which ia 
less than all tlie others. The values of ip which will give these 
principal values of E will be obtained as in Ait. (06). 

Differentiating equation (8), we have 

d\i 2( y'tang°i3 + {q — y")tan)Tip — g') 

d tang p (? + ^1' tang ip + q" tang* tp)' 

If the denominator be placed equal to 0, we shall obtain values 
of the tang 9, which, when real, will reduce the value of R to in- 
finity. The cur\'3tm-e of the eoi-respouding section will then be 
zero, and the section itself a right line, or the point M a singular 
point, Art. (92), cases which do not occur ir 
tiien place the numerator equal to 0, we tliur 
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This being either of tlie firat or second foi'm of equations of tlio 
eecoiid degree, the roots will alwaya bo real and their product 
equal to — 1, that ia, denoting them by tai)g ip' and tang p" 

f mc, p' t-m'j IT + 1 = i> 

hente the noimal jilwe'* in \.hidi tin, ^.p it st .iud least radii of 
eiicvatuie «ire tound, must he ppijondiciilai to each other Their 
e\aot position will be deteimmcd by solving cc[natiou (9) 

f tau^ ^' inj t^u^ ip" huBg dt,tiiimiifcd and. the 
tiaces of the E'inaal pianos coa- 
stiuotf '! aj, in the figure, let us 
take MX" fi3 a new a\Ju of X, 
and MY" a^ a new axis of Y, 
and Buppo^i, tlie 'itirfice to be re- 
ferred to thLin with MZ as aii 
axis of Z Then we mi\''t have 
for these ne« -i^t'' 




tang ip' = 0, tang tp" = 



tang tf' + tn: 



which requires in equation (9) that q' = 0. Substituting tliis 
value of g' in equation (7), we have 



3^9 4- y"s 



,..(]0). 



Substituting m this the values of ip, cOEresponding to the laaxi- 
mum and iniiiimuin radii as above determined, viz, ^ = and 
(p c= S0°, and deaotiiig the values of the principal radii thus deter- 
mined by E.' and U", we have 
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q q" 

and finally from equation (10), 

- == 5Cos'(p + q" sm'ip = - cos> + 



K "" 



" ii' 



ivtich expresses tlie ireeiprocal of tJie radius of curvature of any 
noiinal section, in terms of tlie principal radii and the angle ip. 

If E' aud R" ate both pasifive, all values of R will he poaifive, 
and the greatest of ttie two will be a masimiun, and the least a 
ininimum, and all the norma] sections at tlie point M mill lie above 
the plane XY. 

If E' and E" are both negative, the sections will lie below XT. 
If one is positive and the other negative, a part of tie values of R 
will be positive and a part negative, and a part of the sections will 
be above and a part below the plane XY, and this plane will cnl. 
the sur&ee at the point M, giving a point analogous to tlie point 
of inflexion. Art. (92). 

If R' = R", all the values of E become equal to R' or E", 
and the om-vature of all the sections will be the same ; as at any 
point of a sphere, or at the vertex of a sm'face of revolution. 



224. To determine a general expression for tlie solidity of a 
Bohd ; denote the solid AJPc-MZ, included 
by the surface, the co-ordinate planes and 
the parallels ece' and did', by v. Since, by 
the equation of the bounding surface, x 
will always be given in terms of a; and y, 
the solid may be regai'ded as a function of 
X and y. Let ,r be increased by h, y re- 
inainiiiff tlie same, we shall have the solid 
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*Qr«=,.-. = j4 + :? 



If y bo inci'caiiGd by /c, and x remain unchanged, wo shall iiave 

the solid 

cPQ'c'-rf'fl = It" — D = — h -f- -— — . 4- &c,. 



dy ^ if 1.3 



and !/ bo iuorcasod at tho same time by the variables 
cspootivoly, we shall havo the solid whose base is 



dif 1.2 
Subtracting the sum of llie first two, from tho last, 

If through M and M', planes be passed parallel to XY, two par- 
allelopipedorui will he formed, having the common base PQP'Q' 
iind the altitudes MP and M'P' ; the hmit of the ratio of these 
solids will evidently he ec[ual to unity, and since tho solid 
PQP'Q' -MN is always less than one and greater than tho 
other, tho limit of its ratio to either will also be unity, Art. (85). 

The solidity of the first parallelopipedon being /li.MP, we have 
the ratio 
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(ktdy " dx^dy 1.2 ' _ dxdy dx'dy 1.2 

' kkMV "^ ~ ~" T ■ 

ami passing to llie limit 






^_ 



dx 

Integrating mth lesptct to a^, 

|=/* + Y. 

From this 

du = df/y'sdi- + Ydy. 

Integi-ating botli mcmljers with refcreneo to y, 
V =fdyfzdx +/Ydy + X, 

« Art. (104), 

■,=f^zdyd,:+fYdy + X. 



Since tlie integral /s^Zir + Y is evidently tie area of one of the 
paridlel sectJons a3 eMe' ; to ohtaia the whole Boliclity represented 
in the fiiTure, wo imist first tiike the integral betY/een the limits 
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a; = and k = cb' , and tlien the second integral between the 
limits y = and y = AT. 

To illustrate, let lis determine the solidity of the pyramid 
ADD - C ; the equation of the plane BDO, being 

s + 2y + 3i — 2 = ; 

whence 




V —pxdxdy =Jdyjax ^ 
integrating v/ith respect to x, 



=/.,(^ii^-^Y), 



r taliing the integi'al between the hiiiiti 

Integrating now with refcreiiee ta y, bet\voKn tlie limits 
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ij — O and y = AD = 1, 

obtain ibr tlie solidity 

^ liAD X I AC. 



space, and B'PP' ita projec- 




225. Let BMM' hn imj curve i 
tioii on tha co-0]'dinato plane XY. 
Let the plane of the curve MM' 
mate an angle fJ with the plane 
ST, anil let its intersection with 
that plane be taken for the axis 
of X, Then, if the ordinate MQ 
be denoted by y', the area of the 
curve MM' will he 

s=fy'dx. 



But any ordinate PQ of the projection is plainly equal to 
the coi'vesponding ordinate MQ of the cuito multiplied bv 
CO!-, MQP -. co,s ^, oi- 

y = y' cna (i ; 

jicncc the ai'oa of the projection Ij'PP', denoted by S, is 

S =fydx =/y'cos (i dx = ma ^fy'dx = cos /3 s; 

that is, the p-(gecUon of any plmia area is equal to the area multi- 
plied by the cosine of the angle hwluded iehveeji its plane and the 
plane of pi-njection. 
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226. >fow, let a denote the area of any curved sm-faco. It will 
be a function of x and y. By a process identical witli tliat of 
Art. (224), wo shall f nd the surface 



dMij/ dx'dy 1.2 



tangent plane Le drawn at M, and the four plauea PM", 
QM', &c. 1)0 produced, they will form on the 
taugent plaao the parallclogranj MOKS" 
The limit of the ratio of tliis parallelogram 
and the surface MNM'N' will be unity, as 
iniiy bo proved by a process similar to that 
purauod in article (89). 

The area of the parallelogram is equal to 

its projection PQP'Q' divided by cos ^ ; ;S 

glo ivhicli the tsngeiit plane maltea with XY. But 

do which the normal MB' makes with MP or the 





/h 


><! 




> 


^ 




/' 


\/ 



being the 
^ is also the 
axis of Z ; hence 



" VT +-„ 



— m and — n representing tlje to'ngenls { — -^ and — -^ j of the 

anfles which the projections of Mli' raahe mth the axis of Z, 
Art. (222) ; hence 



' mil ' 



= ¥.Vl -I 



■v/l +.." + «' 
Dividing equation (1) by thia, we Iravo 
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MNM'is" 
MOltS 


dxdij "'" d.i^dy 


1^... 




Vi+« 


•• + »• 


Passing to the limil, t* 


a have 








d'u 






L 


dxdy 






Vl + m' + k' 




wlicince 










<Pu 


= d'-edy/V^'w:- 


■"+^', 


and 










u^ 


-.pdxdyVl -h >«' 


+ n\ 


l<'oi- tin 


! sphere, ive liave 








^,5 ^. y-: _,_ ,. ^ 11 




■whence 










d5~ 


^ -« 






^ Vir^ - X' 


~'J' 




dy "^ 


y - y 


^ 




^ ^/&-x' 


-y 









p. 



" i/u- ■ 
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Mfildng Vii? — f =^ K', and intograliiig witli 
;, wo liave 



Taking Gie intcgi'nl between tlio limita, 



ikI 



= V'R' - y\ 



IntcgTating again, with reici'enco to ; 

U ^ y + C, 



and tetweeii the limits 3/ ^ 0, 3/ = R, 



for one-eiglith i,f tho i>..i-tace. The entire smface is tlien 
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PART III, 

CALCULUS OF VAIUATIONS. 



FIRST rfilNCIVT.F.a. 

22'7, A fimction may be regarded as given, when the foi'm of 
tLe algebraic expression, wHch. determines tte rolstiou between it 
and the variahle or variables, is given, and tlio constants v/hich 
enter this espreaaion aro known. 

In this case, the only change which tlio funelion can be made 
to undergo, is tliat which arises from a change in the variables. 
When those variables receive infinitely small increnienta, the cor- 
responding infinitely small increment or change of the function is 
taken for tlie differential of tlie fiaKtion, Art. {91). AH our pre- 
vious applications of the Calcidiis have been made to functions of 
the kind above referred to, and tfie term differentia! can, with pro- 
priety, be applied to no other change. 

It will at once be seen, tliat If a fiinction te not given aa above 
described, hut merely su^ected to certain condiiioiis, it may be 
made to undergo a change by altering the relation which exists 
between it and the variables ; and this may be done by changing 
either the form of the expression or the constants wtich enter it, 
in any way consistent with the given conditions. ITow if such n 
change ba made as to give another ftmction. ertnsrciilivc mth iliS 
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326 CALCULUS OF VAPJATlOUa. 

Jirst, the iniinitel/ smjill cliaiigo Trhicli tlio firat uudsigooii is callod 
its variation, and tho coirespoEdiiig changes of tJie variablo are 
their variations. 

The differeiiee botp'ceii the terms " difiersnfial" and " variation," 
■will he made more plain hy geometrical illustration. 

Let BO be any curve, a function of x and y, of ivhicli M and M' 

ai'Q any two consecutive points, the co-ordinates of M being x and 

y. Wow if the constaats which deter- 

nsine tho curve be olianged in any way 

so as to give a different curve B'C, in- 

finitely war to EC, and so tliat the 

points M aiid M' shall take tie poai- 

tioii3 m and m', Ppi will be the variation 

of X and mS the yai'iation of y, while 

PI" is the difie.c itul jf X and M'Q the differential of y. Art. 

(91). 

The condicions under which the variation is made, may be such 
that one uf ih" mailables will have no variation ; and when this is 
die case, ths oprritionj to be pcrfonaed v^ill be much simplified: 
Tims, if it he required that the points 
^ ^-'^ ^^ G'ld M' shall be found in lines parallel 

fo the isis of Y atJii and m', M«s will 
bi, the \ ariation of y, "ivhilc x has no va- 
1 atii o , the diftbreutifils of a; and y being 
A P^ p ■■ PP' and M'Q as before. 

Aa the difteiontial 1 d notej by tho symbol d, the Greek char- 
acter J IS used to denote the nintioa, and from the illnatvations 
just given, Jt appeals th-^t while the fornier symbol denotes the 
changes which tilie place m p laang from am point to anoilier of 
the same etine tlie latter is used for a very different purpose, tc 
denote the chinjes m i issin§ fiom points of one cmTe to the cor- 
responding points of another injinildi/ near to it. 



T*_ 
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228. From the uatiiie of the term as above explained, wo see 
that to obtain the variation of any function of x, y, z, &c., we have 
only to put for x, y, z, &c, <c + i5.r, y + Sy, (fee, and then take, 
as in the Dlffersntial CaJcdus, Art (49), those terma of the devel- 
opment whicli are of the first degree with reference to the varia- 
tions of the variables ; Or, since the development may bo made 
precisely as in Art. (ol), by EubstituLicg 5x, 5ij, &o., for /*, k, &e., 
it is plain that v/o shall have 

dw- du. du^ 



It u also plain that the principles contained in articles (13) and 
(15), an fJsotho particular rulea demon.qtrated in ai'Uclea (18) ... 
(24), are equally appEeaUo to vanatioaa. 

2m. In fhe funoiimi 

«-/(-) (a 

let 113 Kii"br-tii;ute .■: -]- bs for a, and denote the new fanction by 
f{«) ; then by the dofniitioii. Art. {221), 

Su^f'{^)~M (2), 

and since from the relation cspressod in equation (1), s is a funo- 
tion of M, the second membot of equation (2) will ha a function oi 
M, and wo mny ViTito 

s« = >p(») P). 

If in this equation v/c put for m, m -\- dn = u', we shall have 
.V = ?(.'); 
subtracting equation (3) 
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Su' — Su = (p(a') — (p{u) = d:p{u) = dSu. 
But 



liid taking Uie v-arlationa, Aria. (IS) and (18), we liave 

Sw' — Sii = Rdu ; 



&du = dSu (4). 

That is; tke ■Mriation of the differential of a funcliou, is equal 
to the diferential of its variation : Or when Lotli of the ejmljola 
d and S saa prefixed to a function, the order in which they ave 
written, or in wljich tie operations indicated aa*o psrforDied, can be 
ehana;ed at pleasure witliout afteciicg tlia result. 

The piindple above enunciated is true for any order of the dif- 
ferential ; for if in equation (4) ne put dv for v, we have 

Rd(du) = dSdu or Sil^u = ddiu ^^ <ffSv.. 

K in the l!ist equation ive put dv. for n, wo have 

SiTidu) = d^Mu, or 5dhi = d^Su, 

and so o:j ; hence wo may conclude that, 

W°M =: d"&v, . 

230. Let I' he any difleroiitial of a function of x, and place 
Ji) = ti'i thon da' ~ v^ 
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and. by integtatioii 

S,' =/J., or J> =/S.. 

Tbo principles demonstrated ia tliia and the preceding articlC; 
aro evidently ti'ue for functions of any numlicr of variables ; siui* 
the valuation of the differential of such a function is but tho saui 
of the partial v;u-iatioiia, and the converse. 



231. Ia order to consider the subject of variations in ifs most 
general sense, when applied to differential expressions, we muss 
regard the differentials of all the variables ns variable, as well a^ 
the variables themselves. In this sense, if m be a function con- 
taining w, y, and their successive differentials, we shall have. 
Art. (328), 



...(1). 



Su = Mfc + ll'Sds: + M"3d?j; -{- & 
+K^y -I- W6dy + W'Sd?i/ + & 

in wlrich M, II,' M <lc aro the pailjal differential eoefficienis of 
« taken, widi re-spect to 3", dr, (Px, &c. ; and PT, N', H" &c., tlie 
eoiTcsponding oni^ tilvon with respect to y, df/, <l?y, &c. ; and if 
this espressioa bu fiist extended to any number of variables, by 
adding for cai,h an e\pies3ion of the form 

MSx + il'Sdx + W'Sd'^! + &c. 

it may then he made to give every particular case which can 
arise, by making the particular suppositions upon dx, d% dy, 
d'y, ifec, wluch the case leq^uires. 

We often meet with differential expressions containing only the 

a:-^v, V^ =^ p, -~, =^ q, ifec. If we denote such expression 
— ' dz dof 

shall have, as ia Art. (228), 
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Sv = MSo! + mjj + N'% + a"'% + &c (2). 

And if this expreesion bo taken in its most general sense, dx must 
bo regai'dod as vai'iable, iu whidi case wo put for iy, Sq, &c., tlsciv 
values obtained as in Ai't. (24), viz., 

,d]/ dx&dy — di/Sds 'iS^ — pdSw 
dx dn:' cte 

,dp dxSdp — dpSds dSp — qdSx 
dx d^ dx 

If dx bo regarded as constant, equaSion (2) is imder its moiii, 
simple form. 

SfiS. K K be still i-egai-ded in its moi^t general sense, wo luwa, 
Art. (200), 

and by the preceding artiele, 

/(!« = /(M^;e + W5dx -f- W&d'x -}- Ac.) 
■VJl^Uy + WMy + WUhj + &c.)' 
By the application of the rule for integi'ating by paits, we find 
/M'Ma; =fli'd5x = WSm —fdH'Sx; 
fWmc =fWd'S:c = WdSx -~fdM"d5x 

=: WdSx ~ di,l"S3: +fd'li"Sx; 
/W"3/Rv =fM."'d?Ss == W'd^a: —fdM."'^5x 
= Wmx - dW'dSx Jrfd'^W'dSx 
= M"'d'fo - rfM"VZ5,t! + (i^afoa^ — /(?M"'&. 



...(1). 
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/N'My = N'5:/ -fdN'S;/- 

/l^"U'y = W'dSy - d'S"Sy -]-fdW'hj ; 

J-N"'SiPi/ = Ts"'my — dN"'(?d> + d^]<i"'Sy -fdlW'hj. 

ObseiTing that the second member of eijuation (I) is equal to the 
sum of the integrals of the teiias taken sepai'.itely, and substitufing 
the above values, we obtain, 

/Bm = (M' ~ dW + d?W" - &c.) 5x + (M" - dW" + &c,) d5x 

-f-(M"' — &c )^Sx + &.a. 

.\. (N' - d'^" + d'^n '"- &a)% + (N" — dW" + &c.) dSy 

+ (N'"— &c )d?5y-\-&<:. 

+/(M - dW + if M" - d^M'" -^ &c.) ^,1 

(2). 

By c\immm^ the iLj\e u\]ig^ii7C it will be 'iPtn thit there 
13 no teim undei the sjgn f whith uintains the symbols d and S 
ippl ed the one to the othei and also that the parto containing 
5x aie exactlj sunilii to thcc coiitTiniiig Sy The forniida 
miy tliPi fjii te cvfcided t iny mtmber of Twiables, by 
addm" foi Pich mcy. \anaLlo jimilii j iita conlaining its Tai'iation, 



S33. It sioiild be remarked, tliat if the multipiitrs of ^x and 
(ly following the sign/, in equation (2) of the preceding aiticle, 
are boOi equal to zero ; JSu will ba complete, or 5u, will be the 
differential of some function. But in the eiprei.aion 



flu = J/» 
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it is evident ttat if fu contain any terras wliicli can not La freed 
from tho sign/, Sfa must contam the variations of these terms 
Btill under the sign, and f&u can not l>a complete. Heace if i5m is 
a differential, u itself must be so. And conversely ; for if /u is 
entirely freed fi'om the sign_/^ then hfn caJi not contain fliis sign, 
and its equal f&u must be complete, or Su be a differentia!. 
Hence if tlic conditions 

M - dW + (fM" — &c. = 

N - (fJN"' + d''^" - &c. = 0, 

are satisfied, n will be the differential of some function, which may 
he obtained by ijifegration. 



234. Let us now tjike the expression _/Viia!, ia which v, as in Art. 
(231), is a function of x, y, p, q, &c., we have, Arts. (19) and (127), 

Sfvd'x =Jd{vdx) =fv5d.<: -^fdxSv. 

"But, Art. (140), 

fvMx — fvASx = v&x — Jdvhx ; 

hence 

tfvdx = vSx -{• fidxiiv — dvSx) (1). 

Substituting in that part of flie second member which follows 
the sign/, tlie values of dv and 5% Arts. (51) and (231), 

dv = Mdx -\- Ndy + Wdp + lS"dq + &c. ; 

Sv = MSx + NSy + WSp + Ii"Sq -\- &a. ; 
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VAiuATiowa. 333 

dxS'o — dvSx = l^{d'j:ii/ — dySx) -\- '^'{dxSp — dpSx) 

+ N"{dxSq — dqSx) + &c (2). 

Sinco dy = /<i?;k, we Kave 

(iiTi5y — (iySa: = dx{Sy — pSx) = adx, 
by making dy — pSx = w. 

Also, if for Sp we put its value, Ait. (231), we bavo 
da£p — d^Sx = dSy — pdSx — dp5x = d(Sy — pSx) = du. 
If in this last expression we put p for y, and q for^, and recol- 
lect that 5 = -^, we have 

d.S, - d,S. = <i(Jy - ,&) = J('^i*ir.*^\ = i/^A . 

Suliati til ting tlieae values in eq^uatioii (2), and pi'olixing tlie sign 

/{dxSv - dvSx)=^/iiudx +/N'di,i -f-/N"iZ/'^'\4-&c (3). 

Againby Art. (140), 

J dx 

r^T.iida ■.,,, dw f dW , 

jS"d. = M" -- _ / (fcj 

dx dx J dx 

- N""— - — u + fl-df^^udx 
"^ dx dx J dx \dx I 

Now aubstitiiting these expressions in (3), and the result in (1), 
we obtain 
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Sfvdx = vSx + (W - -^i + &a.\ + (W - ic.) i'^ +&C. 
\ ax I ax 

^■'^ dx dx \dx) ' 



If we now put for w its value hj — ^dx, the part affected with, 
the sign _/" will become 



/(N _ ^ .,, &c.)-;% - /{N ^ ^ -i- &o,)i^<;^J^'. 



I'lom wliicli we see that, in this case, the coefEcients of Js and 
hj have sucli a relation that if one becomes equal to zeio the otlier 



235. The principal, and fai' the most important application of 
variations, is to the determinatiojt of the mom^m and minima of 
indetei'ininate integi'als, that 13, of integral expressions of tlic form 

/ -^/d:^ + d'lf, /•gifdx. &c., 

containing ic, y, &c., and their differentials, in which the relation 
between the variahlcs is entirely untnown. Thus, if it be required 
to determine the relation between x and y, in order that fafdx 
taken under certain conditions, elall be a maximtim or minimum, 
the problem is one not capable of solution by the ordinary method 
of article (60), since the jjrinciples there developed require the 
form of the function to whidi they are to be appMed, and the con- 
stants which enter it, to bo given ; whereas the object now pro- 
posed, is to ascertain what this form and these oonstanls must be, 
in order that the expression, when subjected to the given condi- 
tions, shall bo a maximum or minimum. Questions of this kind 
ai-c readily solved by Uie aid of vaiia lions. 



,y Google 



230. .Let w lie a function of tlie nature discussed in j\rt, (231), 
and suppose », dx, y, dy, &&, to be increased by their variations, 
and let the difference between the corresponding function u' and u 
be developed, which is done at onco, by putting Sx, Sy, Mx, Ac, 
for h, k,!, ojc., in the development of Art. (51), we shall thus 
obtain 

u' -v.= Mfe H- "SSy + W5dx + WSdy + kc, 

pins a term of the second degree with respect to Sx, Sy, &a. ; plus 
other terms. 

By the same course of reasoning as that contained in Art, (74), 
wo see that u can be neither greater nor less than u', for all values 
oiSn, Sy, &e., unless the term, of the first degree with reference to 
these variations, is equal to zero. But this term. Art. (231), is tho 
variation of m : Henea in order that a be a maadnium, or mini- 
mum, Su must he equal to aero. 

If tlie conditions whieh mate the variation of u equal to zero, 
make the term of the second degree, in Uie above development, 
positive, for all values of dx, Sy, &c., m will be a minimum ; if nega- 
iive, M will be a masimnm. The discussion of tlie various cii-cum- 
stancea in which this term will not change its sign, is of too com- 
plicated a nature, and litely to lead too far, for an elementary trea- 
tise. Ncithef is it necessary, in general, as v.e shall be able, from 
the nature of nearly every case, to determine without a 
to this second term, whether we have a i 



237. In the application of the foregoing prindplea to t!ie indc- 
lenaiuate integrals referred to in Art. (235), it may at first be re- 
marked, thatif theintegi'al be hidejinite, Ai't. (132), ivom its nature 
it can have no masdmum nor minimum. The application can then 
only be made to definite integrali, or tliose which are taken be- 
tween some well defined limiln. 

If Uien, it be required thatyii be a maximum or minimum, we 
may write the variation of/u. Art. (232), thus, 
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ii/!i ~ f&Ti =■■ mSx + nSy -\- m'Sda; + n'ody + &o., 

+ /{& + k'Sy) (1), 

Uiis when taken between the pveacntcd limits miist be equal 



We kave seen, Art, (233), that this expression can not be in- 
iegrated uuless the quantity following tlio sign _/" is equai to zero : 
That is, there can be no integral to be taken betwoea limits, and 
of course, no inasimum nor minimum. We must then have for 
the first condition 

kSx + k'Sy = (2), 

and since, in general, this must be so for all values of 5x and Sp, 
which are indep!;nctent of each other, we must also have 



N - dN' + d'N" ■ 



Again ; if wo denote by I and I' the residts obtained by substitu- 
ting the limits in succession, in the remaining part of equation (1). 
we must have for a second condition, 

I' -1 = (4). 

Should there b m tl t bl th f t IJ 

quantity following th g / qiat (1) 11 t 1 

many terms as th ar bl each f wt h f th t 

are independent f chth mtbjl d qalt ind 

will thus give an q t ] as lati bet n f] eae 

variables and the d fi I 
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If, lioweror, tlio conditions under which the variations are mads 
ai'e such as to render these vaviations in any way dependent, vre 
shall be able, hy means of the equations which, express these con- 
ditions, to eliminate from equation (l), one or more of those 
variations ; then, by pladng the coefficients of those which rem-un 
under the sign f, equal to zeio, we shall have a system of equa- 
tions from which we miy detcimine the natuio and titent of the 
required function. The system ot tquitions (3) \ ill, m every 
ease, express the relation which muat e'^ist botueen the lanabics 
and their difierentiala, in oidtr that the function shall be a ma\i- 
mnm or minimum, hut they must be subjected to the conditions 
deduced from the equation 

I' ~l^0, 

whidi can, of course, contain no variables except those wliicli belong 
exclusively to tlie limits. 

Where u Is under the form vtla:, it has been seen, Art. (234), 
ttat tie two equations (3) will botli be satisfied, if one is. They 
will therefore give but one independent equation. 

The solution and discussion of the following problems will seive 
to illustrate and more fully developo tlie preceding prindples. 



238, Prohlem 1.— Eoquired tlio nature of the slioitest line 
joining two given points in a plane. 

Let nf, y', and x", y", be the eo-oi'dinates of the points. The 
general ej:pression for the length of the line, Art. (19T), is 

c:=fVd.f + <l,/. 

Tailing the vaiiaLion of this, v/e have 



Sf..f(S 



rh 
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which upon comparison with equation (1), Att. (231), gives 

M = o, » = 0, M' = |, N' = |', 

and all the other terms equal to zci-o. Hence equations (3), cf 
the preceding article, become 



<t)-' 



i _ =0 



whence by integration, 



Eiiminafing dz and integi-ating ngaiii, wo have 

dij = ~dx = adi; y = a.v + h (l), 

whicli gives tlio r -jmrcl i hfioii botweoii y and x, and indicatoa 
that the line must bo stiaiftht 

The firat part of eqiiitio i {') \it. (232), becomes 



Since in this case the limits x' y' and ,e" y" are absoliitoly fixed, 
we must have 5x', Sy', &c, equal to zero, ivhich being subsLituicd 
in the above expression give 

M'dx' + Wd>/ = W6x" + WSy" ^ 0, 

wtcnco results the fulfilment of the second condition 

I' -1^0, 
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and it remains only to dotcrmine tliii constaiiLs a and h, in 
equation (1), on condition tliiit thn lino shall pass throngli the 
t\¥D given points. 



230. Prohlem 9. Pbequii'ed the shortest line that 
irawn from ono given ciirv-c to another. 



y =/(..,) and y =f{x) 

bo the c<inationa of the curves, their differential equations heing 

dij — p'di: At; —. p"d.s (1), 

As in tJiG preceding problem, wc have 

from which is deduced, pvecisioly as hefore, the equation of the 
rcc[nircd line 

y = ™4-* (2). 

But since the ends of fh s 1 no mii t bo in the given curves, the 
variations of x and / af tjie 1 i it i u t be confined to these 
curves, that is, Sy', 6i uj u nii t ho il same as dy and dx 
in equations (1), wKenoe 

iy =^ p'Sx' Sy" =; j>"&". 



Substituting these, in succession, in the first pari, of equation (£), 
Art. (232), and auhtraetiiig the results, wc must have 
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and since this contains two independent variations, it can only be 
satisfied by malting the coefficients separately eq^ual to zero ; ienoe 



dx' p' dx" p" 

But these ai'C tlie equations of condition that ilie required line 
BiaU he iioiinal to both curves at the points {x' y'), {x" y"), res- 
pectively. Art. {81). 

In ordev to determine the constants a and h in equation (2), we 
must first find tlie values of io', y', :e", y", on condition t!iat the 
normal to the first curve at the point (,1;', y') shaU also be normal to 
the second at tlio point (w", >/'), and then cause the line to pass 
through theae points. 

240. pToblem, 3. — Required the shortest lino, on the surface of 
a sphere, joining two given points of the surface. 

Let the equation of the sphere he 

^' + 2/= + »' = K' (1)- 

The general expression for the length of a line joining the two 
points will he, Art. (91), 

w = /■\/dx' + dy'^ + dz^, 

tlie vaiiation of which is 
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OALOULUS OF 



^>=/(S 



Mx + ^Sdy -f- '^M^ \ 



whence, by adding an equation coiitaiiiing fe to thoso of Art. 
(333), and comparing, we find 

M' := — W =^^ V — ^~ 

dw dm dw ' 

andtlionce the first condition required in Art. (23'7), 

<5>- <£>"<£>=« (^>- 

Uiit in this case tlie pai-iations must be confined to tlie surfeco 
of the sphere, that ia, taking' the variation of equation (1), we must 

'IxSx + 2ySy -Y 2zSz ^ 0. 
Combining tMs with equation (2), and eliminating Sz, we oht;iin 

whicli, containing two independent variations, gives 

Now if we regard dta as constant, those oqnations become 
xdrx — xd'z = id^'j — yd'z = 0, 

from which we deduce 

xd^y — yd's; = 0. 
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ivhieb is the eq^uation of a plane poasiiig tti'oiigh the centre of the 
sphere. The required curve muet lie in this plane, and therefore 
is the arc of a great circle. 

The limits in tliis case, as in problem 1, being absolutely fixed, 
ive Lave at once, as in tliat problem, the fulfilment of the second 
condition 

V ~ I = Q. 

Equation {.f), may be put under the fonn 

1-y — ^x + r. = 0, or a'y ~h'x + z=Q, 

and the constants a' and 1)' determined, by causing the plane to 
pass through the given points. 

241. In many cases where tlieve ai-e conditions confining the 
variations, whether at the limits or not, the method of rediicing 
the number of independent variations explained in Art. (237) and 
pursued in Arts. (230-40), will be found of very difficult applica- 
tion. In all these c^es the following less direct, but very elegant 
method may be used. Let 

r = s = Ac. 

be tbe equations between x, y, &c., expressing the conditions 
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which the vaiialions iivo subject ; then at tlio s 
K Iiava 

ifu = 0, 

re must also Jiavo 



or denoting hy c, c', &c, arbitrary consiap.ta, ive must have tho 
Cqiiatioi} 

nfii -I- cSi- -L- c'& + &o. -^ (1) 

for all values of the variationa of ffi, </, &c. Placing the coefBcients 
of thoGa vaiiatioiis Ecparately equal to aero, we obtain eqiiationa 
from which we can eliminate tlie oonstauta c, c', &c., and thiM 
deduce an equation or equations ivMch. will express the propci 
relation between ie, y, &c. As an illustvatioii let us take, 

Problem 4. — Raquired tke nature of the lino, of a given length, 
joining two points, which ivitli the ordinates of the points and 
axis of S, will inclose the greateitt area. In this case we have, 

Art. (2113) 

5fn = Sfyd.v, 

and since the length of the arc between the hmits ia to bo consi int, 
the variations must be subject to the condition 



fdz = f'l/dx' + dy^ = a; 



SfVdx^ -[■ df ^ 0. 
Ijlqur.tion (1) v/ill then become 
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